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PREFACE. 



This Work was originally undertaken at the suggestion of 
Dr. James Thomsoit, who, in common with other persons 
interested in mathematical education, had long wished 
for an elementary treatise on Algebra, better adapted 
to the purposes of instruction than any which had ap- 
peared. When it was first announced as preparing for 
publication, a near relative of the Author^s was to have 
been associated with him in its execution ; but circum- 
stances having occurred which withdrew that gentleman 
from mathematical pursuit^, tUb oiAj portions of the Work 
composed by him, are — the J>efinitions, the explanatory 
parts of Addition and Subti^ion, and Note B at the 
end, which contains a defence of the views on which the 
Definitions are founded. 

Great pains have been taken to express the Definitions 
and Rules in the most simple and accurate manner, so 
that their meaning should be at once apparient, and that the 
student should from the first be accustomed to. the most 
rigid mathematical exactness. As the theory of every 
operation is fully given, and a copious collection of exam- 
ples subjoined to each Rule, this Treatise combines more 
theory and practice than any hitherto published: and it 
has therefore been necessary, in order that the Work 
might sell at a moderate price, to omit several subjects 
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usually embraced in books on Algebra. These will be 
treated of in a separate Work, which will form a supple- 
ment to this Volume;^ 

The intelligent teacher will perceive that it is of great 
importance to introduce Equations, and questions produc- 
ing Equations, at an early period of the student's progress. 
Tba eacam^bs of Simple Equations ape so arranged, lliat 
afewof them may be used after the student is acquainted 
with Addition and Subtraction; a few more after he has 
leairned Divittonif^-the rest will, reqinre & knawledge of 
Fractions and' Surds. If Equations be taught tn this way, 
the egoouples which can be solved without Fractions and 
Surds will not be found sufficiently numerous ; but others 
may easily be oonsferacted. upon, the same plan. In a 
regidar treatise, it is necessary to bring: togpstiier all that 
relajt&s to the same sul^ect, in whatever order the. sub- 
jeots themselves may be taken up$ but in the praetice of 
teaching, it is not desirable. ta adhere strictly to this 
arrangement* 

The Author cannot conclude without statbgv that he 
is. inddbtfid to the two gentlemen already meaticmed for 
advice and assistance on various subjects contained in 
this Work. 

Bt^oH Academy, Oct 21, 1837. 
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CHAPTER I.— FIRST PRINCIPLES, 



SECTION I. DEFINITIONS. 

Abtici^e 1. Def. I. The sign -4- (residpltui) indicates 
that the quantity * before which it stands is to be added 
to something going before: thus, 8-4-6 means that 6 is to 
be added to 8. 

When the sign -|- is prefixed to a quantity standing 
alone, or at the beginning of a series, it indicates that 
there are circumstances which require that quantity to be 
added, if there were any quantity going before to which 
it could be joined: thus, -|-7 indicates that there are cir- 
cumstances which require 7 to be added, were there any 
thing to which the addition could be made. 



* Writers on Algebra generally confine the word number to those 
numerical expressions in which the Arabic figures alone occur; while 
they apply the term quantity to any symbol representing a number 
whether consisting of figures, or of letters, or of both combined : thus, 
5, 19, are called numbers s while 5, 19, 4 a, may all be called guan- 
titles, '-'See Note B ai the end of the Volume- 

A 
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2. 11. The sign — (read minus) indicates that the 
quantity to which it is prefixed is to be subtracted 
from something going before: thus, 8 — 6 means that 6 
is to be taken from 8. 

When the sign — is prefixed to a quantity standing 
alone, or at the beginning of a series, it indicates that 
there are circumstances which require that quantity to be 
subtracted, if there were any quantity going before it: 
thus, — 9 signifies that there are circumstances which 
require 9 to be subtracted, if there were any quantity 
from which it could be taken. 

3. III. A quantity which has the sign -f- is called a 
positive quantity; and one which has the sign — is called 
a negative quantity. Quantities to which no sign is pre* 
fixed are understood to be positive. 

4. IV. The mark =, placed between two expres* 
sions indicates that they are equal: thus, 12-|.8=:20, 
indicates that the sum of 12 and 8 is equal to 20; and 
15 — 9 = 6 means that the difference of 15 and 9 is equal 
to 6 ; and 19 — 20 = — 1 indicates that if it be required to 
take away 20 from 19, the thing is manifestly impossible, 
and that after we have taken away as much as possible, 
namely 19, there will still remain a unit to be subtracted, 
without any thing from which it can be taken. Also, 
a-|.6 = c shows that some number, which we call a, when 
increased by the addition o£ some other number, which 
we call 6, becomes equal to a third number, which we 
denote by c. 

5. Scholium i. The example 19 — 20 = — 1, will help 
the learner to conceive how a negative quantity may come 
to stand alone, that is, unconnected with any thing from 
which it can be taken. It will also show, that, in such a 
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case, the sign —- demands that the quantity before which 
it is placed be subtracted froih 0;* that is to say, 
— 1 = — I. And since a — 1, or in general d — bt must 
be less than a, it has been said that — I or — 6, that is, 
— 1 or — b, must be less than 0. This mode of speak- 
ing would be unintelligible and absurd, if used abtolutely; 
but, in the relative sense in which it is always used in 
Algebra, it is perfectly rational and correct. Suppose the 
question asked, ''How far is Paris north of London?" 
we may reply, ''Paris is 2^ degrees south of London:" 
but we have not given a direct answer to the question. 
We have,^r#/, rectified the mistake on which the question 
was founded, by showing that it ought to have been " How 
far is Paris south of London ?** and, secondly we have 
given the answer to this corrected question. If we .were 
compelled to answer in exact accordance with the original 
question " How far is Paris north of London ?" we should 
^^Yi ^ degrees less than nothing, that is, — 2^ degrees. 
This does not mean that there exists, or can exist, any 
portion of space less than nothing (for that would be a 
contradiction J; but that the northing of Paris from Lou- 
don is less than 0: in other words, that not only is Paris 
nothing to the north of London, but its situation is even 
less northerly than those words would imply. Therefore 
the answer, " Paris is — 2^ degrees to the north of Lon- 
don," does not merely express the absolute difference (^ 
latitude between the two places ; but indicates, besides, 
that their true relative position is the very contrary of 
that which was supposed in the question. The ques- 
tion implies a supposition that the relation of the two 



^ * For when, of the 20 to b« subtracted, we have teken away as 
much as possible, namely 19, the -f- 19 will be reduced to 0, and the 
^20to— ]. 
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I 

places is such, that in order to find the latitude of Pans 
something must be added to the latitude of London: 
the answer exhibits this quantity to he added as less 
than nothing^ which indicates the real' relation of the two 
places to be such, that to find the latitude of Paris some- 
thing must be subtracted firom the latitude of London. 
In like manner, if it be asked '^ How much is Edinburgh 
south of London?" the direct answer will be, — 4| de- 
grees y that is to say, the question supposes the relation 
of the two places to be such, that in order to fi^d the lati- 
tude of Edinburgh something must be subtracted firom 
that of London: the answer exhibits this quantity to he 
subtracted as less than nothingy which indicates the real 
relation of the two places to be such, that to find the lati- 
tude of Edinburgh something must be added to that- of 
London* 

6. SchoL It. Hence, to add a negative quantity ^ is the 
same as to subtract that quantity considered absolutely : 
for to speak of — a being added to x, is to represent x as 
increased by a quantity, which is less than by the quan- 
tity a. This does not mean that any quantity absolutely 
less than can exist, but merely that the increase received 
by X is less than 0: in other words, this mode of expres- 
sion shows that such a relation had been supposed to exist 
between some two things concerned in the question, as 
would have required a to be added; whereas the real rela- 
tion has turned out to be such as requires a to be sub- 
tracted. Also, to subtract a negative quantity is the same 
as to add that quantity considered absolutely. For, to 
speak of — a being subtracted fix>m Xy is to represent x 
as diminished by a quantity, yrhich is less than by the 
quantity a : and this indicates that such a relation had been 
supposed to exist between some two things concerned in 
the question as would have required a to be subtracted ; 
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"wbereas the real relation has turned out to be one which 
requires a to be added. 

7. SchoL III. When there is a series of quantities con- 
nected by the signs -{-, — , it is of no consequence in 
what order they are taken : thus, 7-|-8 — 3-{-5 — 9^ and 
8 — 3+j5 — 9+7, and— 3+8+5— 9 + 7, all give the 
same result, namely 8. 

8. y. The mark x or a dot (.) placed between two quan- 
tities indicates that one of them is to be multiplied by the 
other: thus, 5x7, or 5.7, means that 5 and 7 are to be 
multiplied together ; and ax^y or a.x, that the numbers 
denoted by a and x, whatever they may be, are to be mul- 
tiplied together. But when the numbers are not both ex- 
pressed by the common Arabic figures, it is more usual to 
indicate their multiplication by writing them close toge- 
ther, Uke the letters of a word: thus, 6x and by are more 
usuaUy written than 5 x ^ or 5 .a?, and 6 X^ or A.y. 

9* VI. When three or more quantities.are connected to- 
gether by the mark of multiplication, the expression indi- 
cates that the first is to be multiplied by the second, their 
product by the third, that product again by the foiurth, 
and so on : this is called contintud multiplication : thus, 
8x6x3, or 8.6.3, signifies that 8 is to be multiplied 
by 6, and that. the product 48 is then to be multiplied 
by 3, giving for the final product 144. In like manner, 
4x7 X5x2=280,and 3x3x3x3x3x3=729. Also, 
a X ^ X <?> or a6e, indicates that a is to be multiplied by 6, 
and that their product is to be again multiplied by c. 

10. VII. The quantities by whose multiplication a pro- 
duct is obtained are called its factors: thus, 5 and 7 are 
the factors of 35 ; thus also, the factors of 30 are 6 and 5, 

AS 
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or 10 and 3, or 5, 3, and 2; and the product abx may be 
considered as formed by the three factors, a, and 6, and x, 
or by the two, a£ and x. 

11. SchoL The order in which the factors are taken 
does not affect the product: thus, 5x3x7> 7x3x^9 
^ X 7 X 3, &c. all give the same result: also, 4a6;r, 4xab, 
4 box, bAxa, &c. are all of the same value.* But it is 
customary to place those factors first which are expressed 
in figures, and next those which are denoted by letters, 
arranging them in the order of the alphabet. 

12. VIII. When a qu^tity is considered as the product 
of two factors, any one of these is called the coefficient of 
the other: thus, in the product SaXy 5 is the coefficient 
of aA7, and 5 a is the coefficient of x. The name coeffi- 
cientf however, is most frequently given to a factor ex- 
pressed in common Arabic figures, the other factor being 
a letter or letters : such, for the sake of distinction, are 
sometimes called numeral coefficients. And since a may 
be considered i^the product of 1 and a, a 6 as the pro- 
duct of 1 and (py &c. it is plain that 1 must be understood 
as the coefficient of any quantity expressed by letters 
alone, whenever it is necessary to speak of such a quan- 
tity as having a numeral coefficient; that is to say, 
a=: la, a6=: la6, &c. 

13. IX. The mark h- placed between two quantities 
indicates that the former is to be divided by the' latter. 
Division is also indicated by placing the dividend directly 



* Obvious as this proposition may appear, the most ingeDious 
mathematicians have not been able to^devtse a proof of it sufficiently 
strict and scientific, and At the same time sufficiently simple to be of 
any use to the beginner: that which is most approved will be found 
in the chapter on the theory of numbers. 
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over the divisor, and separating them by a line: thus» to 

show that 48 is to be divided by 6, we may write either 

48 it 

48-2-6, or -^\ also, either of the expressions a .2.6 or j 

denotes that a is to be divided by 6. 

14. X. A power of a quantity is the product of two or 
more factors, each equal to that quantity. The powers 
are distinguished from one another by the number of fac- 
tors they contain: that is, when there are two factors, the 
product is called the second power ; when threes the third 
power; whenybwr, ih& fourth power \ and so on. The 
quantity itself from which the powers are formed, is often, 
for the sake of uniformity, called the first power ; the 
second power is also called the square and the third 
power the cube:* thus. 

The 1st power of 3 is 3; 

. 2d 3 ... 3x3 = 9; 

. 3d 3 ... 3x3x3 = 27; 

. 4th 3 ... 3x3x3x3 = 81; 

. 5th 3 ... 3x3x3x3x3 = 243; 

. 6th 3 ... 3x3x3x3x3x3 = 729; 

&c. 

In like manner, the 10th power of 5 = 5x5x5x5x5 
X 5x5x5x5x5 = 9765625: also, xxx is the third 
power of X, yyyyy the fifth power of y^ hhhhhhb the se- 



* Tbe application of the terms iquwre and cube to algebraic quan- 
tities is very improper: it has arisen from the manner in which geo- 
metrical magnitudes are expressed in numbers; for whatever number 
expresses the linear units in a given straight line, the second power of 
that number will express the number of corresponding superficial 
units in the area of the square of that line, and its third power the 
number of solid units in the cube of that line. 



8 DEFXHITIOKS. 

venth power of bj and ttaaaaaaa the eighth power of a 
These examples show that the powers of a letter wHl 
be expressed by writing that letter as often as there are 
units in the number by which the power is distinguished i 
that isy tunce for the second power, three times for the 
third power, &c. But as this method would be very in* 
convenient for the higher powers, it has. been agreed not 
to write the letter more than once, but to place over it 
and towards the right hand a number indicating how often 
it ought to be written ; that is, how often it is to be used 
as a factor. Thus, instead of writing xxx for the third 
power of Xy we write a^, where the number 3 indicates 
that we are to understand x as written three times ; or, 
which is the same thing, that we are to conceive of a pro- 
duct formed by three factors, each equal to x, A number 
thus employed to indicate how many factors a power con- 
tains is called the index or exponent of the power. Ac- 
cordingly, 

The 1st power ofu is a^a\ and its index is I 

... 2d a...aa=za', 2 

...'3d a...aaa^a^y 3 

... 4th a ... aa€uizza\ 4 

... 6th a ... €Uiaaa=:a^y 6 

... 6th a ... aaaaaa=:a^y 6 

... 7th a ... aaaaaaaz:za''y 7 

&c. 

Indices are chiefly used with letters, but sometimes also 
with common numbers: thus, 3*= 81, 4^ = 64. 

The process of finding any power of a quantity is called 
involutions and the quantity is said to be raised to that 
power. 

15. XI. A root of a quantity is some other quantity of 
which the given quantity is a power : thus, 8' = 64, there- 



DEFINITIONS. 9 

fore 8 is a root of 64 ; 4' = 64, therefore 4 is also a root 
of 64 ; 2^ =: 64, therefore 2 is another root of 64. 

The different roots of a quantity are distinguished by , 
numbers, indicating the power to which elich root must 
be raised, in order to become equal to the given quantity ; 
that is, the root of which the given quantity is the second 
power is called the second root, that of which it is the 
third power is called the third root, that of which it is the 
fourth power is called the fourth rootf &c Thus in the 
above example, the second root of 64 is 8, the third root 4, 
and the sixth root 2. In like manner, the fourth root of 
81 is 3, the fifth root of 1024 is 4, &c. 

The process of finding any root of a quantity is called 
evolution ; and the quantity is said to have that root ex- 
traded. 

The second root is also called the square root, and the 
third the cttbe root (Article 14). 

1 6. XII. The mark ^ prefixed to a quantity indicates 
that a root of that quantity is to be extracted : this mark 
is called the radical sign. The number by which the root 
is distinguished is written over the radical sign to the left, 
and is called the index of the rol)t: thus, ^25 means the 
second root of 25 ; ^ 27, the third root of 27. In using 
the radical sign to denote the second root, the index 2 is 
usually omitted: thus, for the second root of 25, we may 
either write ^^25, or ^ 25. The roots of any number, a, 
will be expressed as follows : 

The 2d root of o is y^a, or ^a; 

3d a ... y^a; 

4th a ... v^a; 

5th ....... a ... y^a; 

6th a ... y^a; 

&c. 



• . • 
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1 7. XIII. Whatever number of factors a quantity contains 
besides its coefficient, of so noany dimenHons it is said to 
be: thus, be, 7axy Ssc^j are c[ualitities of two dimensions, 
because each of them contains two factors in addition to 
its coefficient. In like manner, xt^Zy 6 aa^y are quantities 
of three dimensions; a^, 12 a' a:*, are quantities of four 
dimensions, and so on. On the same principle, a, 15 a?, 
are quantities, of one dimension. 

Instead of '* one dimension,'' '<< two dimensions,'' &c. the 
terms ^r«^ orjier or degree, second order or degreey Blg, 
are often used: thus, Taxis said to be of the second or- 
c^ or second degree; Scu^y of the MiVii order or third 
degfee, &c. Sometimes a letter is considered as belonging 
to the coefficient, and then it is. not reckoned in estimate 
ihg the dimensions or degree of the quantity: thus, in the 
exainple 5 oj^, if we consider 5 a as the coefficient^ the 
quantity will be of two dimensions only. 

18. XIV. An expression which does not consist of parts 
connected by either of the signs + or — , is called a «iw- 
ple quantity: thus, 7 and x are simple quantities. In like 
manner, 6x3x4 is a simple quantity; also, 12aar, 

be 

and — • 

X ' 

19. XV. An expression which consists pf two or more 

simple quantities connected by the signs -|-, — , is called 

a compound quantity, and the simple quantities of which it 

is composed are called its terms: thus, 6 -|- 3 -|- 4 is a 

compound quantity, and its terms are 6, 3, and 4 : also, 

ox 
12-fa — X, and 3y^l2^ , are compound quanti- 

y 

ties; the terms of the former being 12, a, and x, and those 

hx 
of the latter, 3y, 12^, and — . 
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20* XVI. A compound quantity consisting of two terms 
k called a binomial. A binomial wbiose second term is 
negative is sometimes called a residual quantity.- A quan- 
tity consisting of more terms than two is called a muUi' 
nomial or polynomial quantity. The naiknes trinomial and 
quadrinomial are sometimes given to. quantises consisting . 

of three and four term3« 

• . • • • ■ 

« * ■ 

21. XVII. A parenthesis enclosing. aH expression is 
called a vinculum^ and denotes that t^e sign or index on 
the outside of it affects the result of all the operations ihdi- 
cate4 by the several signs and indices within it. Thus, 
18 — (5 -f- f) means that 7 is first to be added to 5, and ^en 
the sum taken from 18, which leaves 6'; without thevin-' 
culum, 18 — 5-4-7 would mean that 5 is to be taken fropi 
1 89 and 7 added to th^ remainder, which would give 20: 
also, 16— (15— 9)z= 10,butl6— 15— 9=3-7-3. In like 
manner, (12+5) x7> or 7(1-2+5)= 119, but 12+5x7 
= 47. And (10+3)«=169, but 10+3«=19; and 
^(25 + 11) = 6, but v^25+ll = l6. Also,' (ary)« 
would mean that x is to be multiplied by y, and the 
second power of the product taken j whereas ory* would 
mean that the second power of y was to be taken, and x 
multiplied by it : or, supposing ar = 5 and y = 3, (5 X 3)* 
= 225, but 5 X 3* = 45. . : . . 

The learner must carefully observe, that in all such 
cases the sign on the outside 'of the Vinculum- affects no 
one of the terms within the. vinculum^ each of which has, 
besides, a sign of its own; that is, in the expressions 
18 — (5+7), and 16 — (15'— 9)f the terms 5 and 15 are 
understood to have the sign .+ (3). 

A bar drawn over the quantities is also used, as a vin- 
culum: the bar is sometimes placed vertically: thtis, 

■ ad 

a+b — cxdfBXkd+b , mean the same as (a +6— -c)x<^. 
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Brackets [ ], and the brace [ }, are used instead of the 
parenthesis^ when we have occasion to place one vinculum 
outside of another ; as, [(a ^b)x'\-(a — b) x]*. 

22. XVIII. ZtA^ Q'uafi^'^'ef are those in which the parts 
expressed by letters are the same : thus, 54 ay, 60^9 and 
— 19 ay, are like quantities. But 7 ay, and 7a^y, are «»- 
like; because the factor a occurs twice in the latter, and 
only once in the former, for (14) 7a'y i=7aay. In the 
same manner, l7a*a;, and 5x0^, are like quantities (11); 
but 4 a' AT, and 60^2;, are unlike. Also common numbers, 
as 8, 14, 20, are like quantities; because no part of any 
of them is expressed by letters. 

23. SchoL When two or more like quantities are 
connected by the signs -(-> — > they may be incorporated 
into one term, by performing on their coefficients the 
operations indicated by their signs, and to the result sub- 
joining the common letter : thus, -(-5x-(-3a7-(-7j:=:15j:.* 
for the first term contains five times or to be added, the 
next contains three times x to be added, and the next 
contsuns seven times or to be added, making in all fifteen 
times X to be added, that is to say, -{-l&x. In like man- 
ner, — 5 X — 3 X — Ix = — \Sx; for, in this case, the xes 
are all to be subtracted. Also, 6a6-)-7a6 — Sah — 3a6 
-|-4a6=: -f-9a6.* for Gab with 7a^ added will make, as 
above, -f-13a6; and Sab subtracted will leave •■\'^ab; 
3ab further subtracted will leave -^Sab; and 4a6 added 
to this will give -f-9a^* In like manner, 5 ox' -1-2 ox' — 
%aa^ — 4ajr^-|-3aa:^=z — 2aa?^; and IQxy — \2xy^xy 
:= — xy. Since (7) it is indifferent in what order the 
terms are taken, we may first unite all the positive quan- 
tities into one term, and all the negative into another, and 
then subtract the latter from the former: thus, 5ax'-f 
2aa:*— 8«a:*_4<M:*+3aj^=: lOaa:*— 12(w:* = — 2aj:*. 
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24. XIX. The mark > or < , placed between two quan- 
titiesy denotea that the one to which the opening of the 
lines is turned is greater than the other. Hence a > & 
means that a is greater than b; and x < y^ that x is less 
thany. 

25<. SX. When it is not known which of two quantities 
\m the greater, the mark v^ placed between them indicates 
that the less is to be subtracted from the greater: thus, 
X ^^^s y indicates that if, of the two quantities, x be the 
greater, ^ is to be subtracted from x; but if y be the 
greater, x is to be subtracted from y; that is, the expres- 
sion x v—^ y is equivalent to x — y when x > y, and to 
y^^x when x<y. 



B 
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SECTION n. — PRAXIS OK THE DEFINITIONS. 

Art. 26. The conversion of literal into numerical ex* 
pressions will be found a useful exercise on the meaning of 
the sjrmbols and operations of Algebra. The letters are 
supposed to denote particular numbers, which are substi- 
tuted for the letters, and the same operations performed 
upon them that are performed upon the letters. 

Thus, let it be required to find what the expression 

will be in numbers, when 

a=:4, 5 = 5, c=:3, d=i2y x = l, andy = 0. 

Substituting the numbers for the letters, the expression 
becomes 

4 + 5x5+4x3—4x5xl + U|^— 2X4X1X0; 

or, perfomiing the multiplications, 

4+25+ 12—20+ |5_0j 

by contracting, this becomes 

41^20+6 = 27, 
which is the value of the expression on the above suppo- 
sition respecting the letters. 

SXAlfPLES. 

1. What is a+ 6 — c, when a = 5, 6 = 4, and o = 6? 

Ans. 3. 

2. What is the saihe expression, when = 7, 6 = 2, 
c = 8? Ans. 1. 

3. What is the same expression, when a= 10, 6 = 6, 
c = 12? Am. 4. 
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4. What is the same expression, when a:=9, 6 = 4, 
c=13? Ans. 0. 

6* What is the same expression, when a =8, 6=3, 
c=12? ^w*. _1. 

6. What is the same expression, when a =: 1, 6 = 2, 
e=:6? Ans. —3. 

7. Whati8 3a—2c+6, when = 4,6 = 5, c = 6? 

iliitf. 5. 

8. Whatis3a—2c+6, when a= 3,6=2, c= 4? 

Ans. 3. 

9. What is 3a— 2c+6, when o=8, 6=6, c=15? 

-4w*. 0. 

10. What is 3a— 2c+6, when a=l, 6=9, c = 7? 

Ans. — 2. 

11. Whatis a(c — 6), when a = 4, 6=5, c = 6? 

Ans. 4. 

12. What is a(c—b)y when azzS, 6=7, c = 6? 

^92^. — 5. 

13. What is a+6, when a = 7, 6 = 2? Ans. 9 

14. What is ab^ on the same supposition ? ^n*. 14, 

15. What is 04-64.0:, whena = 7, 6=2, ar = 9? 

Ans. 18. 

16. What is a6x, on the same supposition? 

Ans. 126. 

17. What is a6ir, when a=l, 6=2, ar=5? 

Ans. 10. 

18. What is a6x, when a = 4, 6 = ^, «=3? 

Ans. 6. 

19. What must a and 6 be in whole numbers, in order 

that a6 may be 6? Ans. 3y and 2. 

20. What is x^+2xi/+y\ when ar = 4, y = 6? 

Ans. 100. 

21. Whatis a^4-2jy4-y*,whenji:=5, y=3? 

Ans. 64. 
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22. What is a^+2xy+$/^,yrhen ^=l(Vy=:3? . 

Ans. 169. 

23. What is a:*+2ay+y*, when ayzsj, y=2? 

24. What is a:* — 2jy+y*, when ar = 4, y=6? 

.d^M. 4. 

25. What is a:«— 2ay+yS when ar=7, y= 13? 

.i!bt«. 36. 

26. What is m^-{-»^4-mS when 9i=:4, 97»=3? 

^»f. 37. 

27. What is n(n— l)(«_2)(n— 3), when »=:4? 

^ra«. 24. 

28. What is s(s — a)(s — b)(s — r), when a^4f 
h::i7,cz=99 9ndsz=:Ha+b+c)? Am. 180. 

29. What is the difference between a* and 2 a, when 
a is 2? Ans* 0. 

30. What is the difference between a* and 3 a, when 
a is 3? AHs. 18. 

31. What is the difference between a* and 4 a, when 
a is 4? Ans. 240. 

32. What is the difference between tfi and 2 a, when 
a is 3? Ans* 3. 

33. What is the difference between a' and 3 a, when 
a is 5? An». 110. 

34. What is the difference between a^ and Sa^ when 
a is 3? ^n^ 228. 

35. What is abe+2e—3d+2ef, when a= 1, &=:2, 
c = 3, rf=4, «a:5, /arO? An$. 0. 

36. What is a*^26a-f6\ on the same supposition? 

Am. 21. 

37. What is a^-f-^^— e^— £f4.«4.4o6cd^ on the same 
supposition? Ans. 9* 

38. What is 5ai+ ^i-^^—2bf—2e, on the same 
supposition? ilitj. 1. 
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39. What is i/Sbc+4^{bd)+ab+3, on the same sup- 
position? Ans. 13. 

40. What is ^/{4e+b+c)—i^bc+2—2d, on the 
salne supposition ? Ans. 5. 

be 

41. What is 2a* — 56 — j 8« + y*> when a:s:6f 

6=s5, c=4, «=!, y=0? Ans. —6. 

42. What i8 :^o^.5y4+i^__«|^__2j^ ^^ ^^ 

same supposition? ^^i^, 1. 

Ao TKJv. X • 2a+3c , 46c 

43. What IS ^ ' + "775 — -r on the same sup- 

0T+4y ^(2ac+c*), *^ 

position? ^„,. 14. 

44. What is •(2a«— ^4 c«)+6a?y 4.^(60— c)+ar5, 
on the same supposition? Ans. 13. 

45. What is 3^c+2a^(2a4-6 — a?), on the same 
supposition? Ans. 54. 

46. What IS — -i-^Z J^ ^ ^ » on the same 

supposition? ^iw. :i. 

47. What is »(«— !).(«— 2).(«_3).(«_'4), if « 
be/1, 2, 3, 4, 5, and 6, successively? 

Ans. 0,0,0,0,120,720. 

48. Is it true that a«+3a+2* = a?*+3(a:+y), when 
a = 6, &=2, a?=:4,yz=10? Ans. True ; far 58 =: 68. 

49. Is it true that ^ + t — 1 = ^±^^2. 

X — 1 ^ b b ' 

when a=2, ft=3, xzz7? 

Ans. True; for 2—1:^3—2. 

50. What must a and x be, so that (a+a?)« may be 100? 

-4»f. Any two numbers whose sum is 10. 

51. What number mudt x be equal to, in order that 

o&a; may become 06 f Ans. 1. 

B2 
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52. What is the di&renoe between 4a?— 4 and 4^^ ^ 4, 
whena?=3? An$. 5. 

53. What is the difference between the same expres- 
sionsy when 0?= 10? Ans, 2G, 

54. What is 3aa?-|-5aS when x becomes equal to a? 

Ans» 8 a'. 

55. What is 3a6x— 36*+4a*— 2a*a:, when 6 and ar 
become equal to aF Ans. 2a\ 

66* What 4s 4ai^—ZJ>d+ 5 «* + 24« — 3yS when y = x, 

andrf=6? Am. 6a/^—b\ 

57. It will be shown, in a subsequent part of this work, 

that — ^^-r-= ~z — r? ;> whatever vahes a and fr may 

a — b a«-(-6».*— aft "^ 

have. Illustrate the truth of this by taking auy numbers 

at pleasure for « and 6. 

Thus, let a=: 4, 6=2; then 

g*— y _ l6— 4 _^^ 

a— 6 "" 2 ^ ' 
and 

g» + 6> - 64+8 _72_^ 

a«+6«—a6^ 16+4—8"" 12"^: 
Again; let as5y 6 = 3; then 



and 



a«_6« 25—9 ■ 
__ = __ = 8; 

g'+^' ^ 125+27 ^IJ^^e. 
a«+6«— a6""25+9— 15~ 19 "" ' 



and the two expressions will be always found equal, no 
matter what numbers are taken for a and 6. 

• « 

The following expressions will also be shown to be true 
hereafters illustrate their truth in the same manner. 
58. (a+6) (a+6) = a*+2a6+6<. 
69. (3?+y) (a? — y) =s A*— y*. 
60. (n— m) (;i — m) = »'— 29t»i+m'. 
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61. {a+b)+(a—b)=z2a. 

62. (a+6)— (a— 6) = 26 

63- (a:— 4)(ar+7) = x«+3x— 28. 



x^ — a* 



64. = x^+ax+a*. 

65. ^-±f! = a:«_aar+a«. 

66. ip+qy=:p'^+2pq+q^. 

67. (i>^^)^=l^— 2W+^. 

68. A person is asked, ^* How much is it past 12 o'- 
clock ? '' He looks at his watch, and observes that it wants 
5 minutes of 12 ; how must he give a dbect answer to the 
question? 

69* How much is a merdiant worth when his debts 
amount to £3000, and his entire property is only £2^00? 

70. If-a quantity of goods cost £750, and be sold for 
£730, how tiiucli has the merchant gained? 

71. How far is the Ciape of Good Hope north of the 
equator? 



20 



SECTION in. AXiaMS. 



Art. 27. Ax. I. If equals be added to equals, the sums 
are equal ; but if equals be added to unequals, the sums 
are unequal : thus, if a = x, then a-f- 6 = ^+ b^ or if a =; x 
and &=y, then a-)-6 = a?-f-y> but if a>a7, then a4-&> 
x^b; and if a<a;, then a-f-6<^+^* 

28. II. If equals be subtracted from equals, the differ- 
ences are equal; but if equals be subtracted from unequals, 
or unequals from equals, the differences are unequal: thus, 
if a = x, then a — bznx — b; or if a=:a? and bzzy^ then 
a — bzzx — y; but if a >x, then a — ^>a: — b; and if 
a<j7, thena — b<x — 6, &c. 

29* CoroUary i. From Ax. 1 it follows, that if equals 
be multiplied by equals, the products are equal; but if 
equals be multiplied by unequals, the products are un- 
equal : for multiplication is nothing else than a number of 
successive additions. 

30. Cor, n. Hence, if equals be divided by equals, the 
quotients are equal : for, by the nature of division, each 
dividend is a product, of which the divisor and the quo- 
tient are the factors; and since the divisors are equal, 
the remaining factors, the quotients, must be equal, else 
{Cor, I.) the products, the dividends, could not be equal. 
For a similar reason, if equals be divided by unequals, or 
unequals by equals, the quotients are unequal. 

31. Cor, in. Again, equal quantities raised to the 
same power are equal, and equal quantities raised to 
different powers are unequal : thus, if a = at, then a" = x"; 
but if a >a?, then a >a?"; and if a< ar, then «"< x"; for 
involution is only a succession of multiplications. Also, 
the same roots of equal quantities are equal; for if it were 
otherwise, the given quantities, being obtained by raising 
those roots to the same power, could not be equal. 
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CHAP. II FUNDAMENTAL OPERATIONS. 



SECTION I. — ADDITION. 
BUIiE. 

Abt. 32. Connect the seVeiral i[iiaBtities to 
be added by tlieir respectire signs^ incorporat- 
ing like quantities (Art. 23). 

FirHj Let &e quantity to be added be simple. If it be 
required to add a to ar; this, from the nature of algebraic 
notation, can ^y be done by placing the sign «f* between 
them> which gives 

for the sum. And if it be required to add — a to x; 
this is done (Art. 6) by writing 

a?— fl. 

Secondfyf Let the quantity to be added be compound. 
It is plain that to add a compound quantity is the same 
as to add its separate terms ; that is, 

a; 4- (a+b) = x+a+b; 
and 

X ^. (a — b) = x+a+ (-r-6) ; that is, (Art. 6) x + a — b. 

Thirdly^ Let some of the quantities to be added be like. 
Thus, to ar^-Sa add gJ^&u: this would be done by 
writing a;-{-3a-|-y-(-5a, which (Art. 7 and 23) is the 
same as ar-{-y4"^<'* 

It is often convenient to;plaoe the quantities to be added 
over one another : thus the last es^ample may be written 
as under. 

y+5a 
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1 

1 


ADDITIOir. 




BXAMPLES. 


1. 4«*y* — 6xt/ 


2. 4a— 2ar + 5& 


5ax+a^y^ 


— 3«+2a— 2y 


7arV+3jy 


Zh—Sa + Tx 


^^2ax — 5a:*y 


8 _4a+2ar— 66 


7a:«y«_2dy+3a.« _3a+26+4ar— 2y 


3. 2ax—3b^t/ 


4. 4a + 2* 


Zax—2h^y 


— 3a— 3* 


ax — 6*y 


a + 7x 


Sax — 46*y 


2a— 4j? 


ax — 6*y 


_5a-f-^ 


12a*— lU«y 


3a — 6* 




2a— 3* 


5. a + & 


6. 4a:(a + 6)— 1— 3v^* 


6— c 


4v^a; + 2a:(a + 6)— 7 


c—d 


8— v'ar— 5ar(a + 6) 


d — e 


3a:(a + 6)— 5v^«— 5 


h—c 




a + Zb — 2e 


4j;(a-{-i) — 5/v/r — 5 


7. 


aa: + iy + 5jc* 




5«— 3j(4-2a^ 


• 


3*«— d^+dfy 



ox-f"^^ — cfcr+ by '{'dy — 3y + 4** 



or. 



(a + 6— <Qj? + (6 + rf— 3)y+ 4a:«* 



* This answer, in conneiion with Art. SS, shows that to mul- 
ifply the sum of any number of quantities by another quantity, is 
the same as to multiply those quantities separately, and then add 
the products* 
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8. — 3a — 4b + 6c 9. a + b — c 

26— 4c + 6«y a—b + 2c 

7c—Sd—9ey _3a + 25— 3c 

36— a— 3d 2a—b + 2c 



lO, 3a + 3d^— 65 11. —\2ax—6i 
—6a — a*+126« Sax— 6 

7a— 7^+136» 

— 4a— 4««— 206» 

12. —8 + a 13. 9—6* 

4 3« + «* 

14. Add together x + a — Cy 3b^^'2dy — a-f-4ar, 
— 3x + 5a, 

15. Add together (a + b)^x — d^(a^ — y') — mt^, 
2aar+ 8w»p + 3(a + b)ii/x, p—3d^{x^—^) + 2bx, 
^■^Smnp + 3p — 2 (a 4- 6) ^J?« 

16. Add together 3j^x—^(a + b), —2^x+^ 
(a + 6), ^x—3^(a + b)y 4^x + 2j^{a + b). 

17. Add together 3a^x—2^y—S + aa^y aa:+ll 
—a^x + 34^ify — 2aa:«— 4^y+4aar, — 8 + 20^^^ 
— 3ax + 2^yy m^/x — 6x + 6 + 4aa:*. 

18. Add together a and x* 

19 a + xanda — x. 

20 xandx^ 

21 n and ^n. 

22 7a and — 8a. 

23 1 and— 2. 

24 a and — a. 

25 3(fand4c. 

26 6j; and — 3y. 

.2Z- V'xand— 2>^x. 
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28. Add togelSier — a* and — a. 

29 a^a^ and aa^, 

30 ».•• ^a— ^6andia4>i&. 

31 a-f-6anda — 2^^ 

32 ^+1' — yandy — x. 

33. .« 64-7arand— Sx + d:^. 

34. a^-f*^^ '^^ ^~'~~^*^* 

35 1 4- V^^ suid I-r-y^47. 

36 — llj:'and_5««. 

37 2a + 6 and 5a^— 6. 

38 a*»nda^. 

39 6»and36. 

40 2a"+l and3a-'»-»— 3. 

41 ,.. 5a and — 11a. 

42; 5aj^and7aj:. 

43 — 9 and 5. 

44 ^x(a + 6)and3je(a+6«). 

45. •• — 1^— a: and dr. 

46 x-{-aand — cr. 

47. (a + jp)yand(a — x)y. 

4o. .*•..•.......... OL ■■ ' 1 and 1 • 

49 •••• 5x4-36 — a and a— 26. 

50 46*— l+2^a? and — 36* + 5 

3>y/x. 



2$ 

Abt. 33. Change the sig^s of the subtrahend, 
and incorporate like quantities (Art. 23). 

Firsty Let the quantity t& be ^nhtraeted be a simple 

quantity. 

From X 

subtract a. 
This can only be done by writing x — a; that is to say, 

X — (+a) = X — a. 

Again, from x 

subtract — a 

This (Art. 6) \» the same as to add a, which is done by 
writing x-f-^/ that is, 

X — ( — a) = x-f-a. 

Secondly i Let the quantity to be subtracted be a com- 
poimd quantity. It is plain that to subtract the com- 
pound quantity is the same as to subtract its terms in 
succession ; that is, 

X — (a«{-5) = « — a — b: 
and 
X — (a — V)zzx — a — ( — b)\ that is, (Art.6)« — a + b.* 



* The same may be shown otherwise^ as follows: 

Firtty from x 

subtract a-^-h^ 

If a be taken away, giving x— a, too little has been taken away by 

the quantity 6; therefore h must further be diken aii^ay, which gives 

jp— a —6. 

Secondfyf from t 

subtract a^^b. 
If a be taken away, giving x— a, too much has been taken away by 

C 
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EXAMPLES. 



1. From 7a*— 4flw+ll 
take— 3a*+2aar+ 5. 



Here> changing the signs of the 7a*— 4aa; -f- 1 1 

subtrahend, or conceiving them — 30*4*"^^^+ o 

changed, and incorporating the like IQq* ■^6gj'-f- 6 
terms, we have 10 a*— 6ax-(-6. 

2. 5a-^6j; 3. — 6x 

— 3x + 2a _llar— 5 



3a — 3a? = 3(a— «) 5x + 5 = 5(ar + l) 

4. 1 5. 6a 6. b—c+d + 8 

I— a —4a 19— ** + c + d 



a 10a _11^&^5*— 2c 

7. 2a^(x^+if)—6a^x+U 8. —a— ft 

10— SaV'C^+y)— 8a*a? a— ft 

7av'(«'+y) + 3a*a: + l —2a 



the quantity 6; therefore the remainder x-*a is too small by b: 
hence 6 must be added, which gives ar— a«{-6. 

In the above general examples, though the lower line^ or subtrahend, 
contains but two terms, yet it exemplifies all the yarieties of sign that 
can 0C|Sur in any compound quantity, namely, the positive and the 
negative. The upper line, or minuend, is equally general ; because, 
whatever number of terms it cdntained, they would all be set down 
unchanged in the remainder, the change being made on the subtra- 
hend only. 
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9. (u^+bx+exy — d 10. 4a««y 

ex*— -yr-f-^dpy— A 3aay 



«2(a_c)+a:(6+/)+«y(c— ^)— d+A 4«rV— 3aa;y 



13. ^x 



11. 


—7a 




3a 




— 10a 


14. 


—9a 




4a 


17. 


9a 




4a 


20. 


b 




c 


23. 


3? 




a* 



VJL. 


pmx 




pm 


pmx^-pm 


15. 


—9a 




—4a 


18. 


a + b 




a—b 


21, 


a 




—a 


24. 


ab 




a 



16. 9a 
—4a 



19. a—b 
aJ^b 



22. —a 
—a 



25. 17 
5— -a— 36 



26. 2(« + y)— 3(m— n) 27. a« + aa? + ar* 

« + y — 4(«i — ») jc*+a* — ax 



28. 6(a?+y)« 29. — a««— (m— n)v'(«+*) 

(6+c)(A;+y)« .^(3+a)««+(2«i— 3»)v'(a+6) 

— c(a:+y)* 3««— (3m— 2n) V^Ca+i) 



2S smnACTiQjs. 

ANSWXRg. 

30. 1— (l^a) a. 

31. 1_(1 +a) —a. 

32. l_(_l_a) 2 + a. 

33. — l_(l-^«) ,...,. a— 2. 

34. — (1— a) a— 1. 

35. — (l + a) —I — a. 

36. 1 + a— (1 + a) 0. 

37. I— a— {I— a) 0. 

38. l^a_(l+<i)...„. ;..... —2a. 

39. —(1— a)— (1 + a) —2. 

40. a— 1— (— 1— a) 2a. 

41. 1 + a— (a— 1) 2. 

42. a—b^la+b) *.... ^2b. 

43. a+6— (a-.6) 2b. 

44. i(a+6)-.i(a— 6) b. 

45. 4/1— V'*— (3a + 3 V'*) • h^—Sj^x. 

46. a + 6— {6+(aj— 6)} .., b. 

47. J— 7— ( 2jr— 5— x) —2(x + l). 

48. g— (6— c + x )+(6 — ar— 26) a + 26 + c. 

, 49. fi—{a—(a—a^3i)} •.. x. 

50. a—b+c—d—{(^+.b^c+d). 

Ans. —2(b — €+d). 

51. 4a«— 36 + 7«— (6j: + 26«— 46 + 2a« + a). 

Ans, 2a«— a— 2^*+6+ar. 

52. a + 6— (2a— 36)— (5a + 76)— (— 13a+26)- 

Ans* Ta-^6 6. 
63. «*+2ay+y»— fx^+oy— y«— (2jy— a:*— y^)|. 

Ans. y* + 3Jty— -Jf*- 

54. 1— V«— (v^x+1). ^ i<«J. —2^x. 

55. 2a^(x — y) — 6ay — dii/{x-—yj-^ bxy. 

Ans. a^(x— y). 

56. c(a+a?) — (a+c)(a+ar). 4n^. -r-a(a+a?). 

57. (a+6)(x+y)— (a— 6)(x+y). i4«j. 26(x+y). 

58. —{c+d){x^y)—{c—d){x—y). 

Ans. — 2c(«? — y)- 
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59* From 4x take 4. 

60 3j/x 2^x. 

61 a* a. 

62 — 6- 

63. ...... Sab da. 

64 2x....: ««. 

65 1 2. 

66 4a.. 6a* 

67 4a ••..••.•• — 6a. 

68 — 4a — 6a. 

69* — 4a 6a. 

70. ...... 5 6. 

71 ix — iap. 

72 — |ar Jar. 

73 — |x — ^x. 

74 for iar. 

75 11 14. 

76 l+a a4-l. 

77 1 — a a — 1. 

78 ^(a—b). 

79 7 — ^. 

80 ia—^b i*— i«- 

81 — 11 6. 

82 l^+2ab+a^ ... 6«— 2a6+a« 

83 ^x(a—l) a— 1. 

84 4/^x ^ar. 

85 19 — X —X. 

86. a— .1+i — .1. 

87 d;-{-a .••.••• a« 

88 »— 1 1. 

89 5a— 3 —3. 

90 ;. —a —b—4. 
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SECTION ni. — MULTIPJJCCATIOir. 



PBOFOSITIONS. ' 

Art. 34. I. If the signs of the' factors are the 
same, the product is positive; and if the signs of 
the factors are different, th^ product is negative. 

Firsts Let it be requived to multiply + « 
+a by +5. This denotes that -|.a is 
to be repeated as often as thero are units 
in 6; that is, that + a is to be added 
6 times. Now the sum of any number of 
positive quantities is positive (Art. 23) ;. 
therefore the sum is + ^« / hence 
(+«)x( + ft)3= + ^*>w+aA(Art.ll)- 

Secondly y Let it be required to mul- 
tiply a by +ft. This denote^ that 

a is to be added as often as there 

are units \n h ; and since the sum of 
any number of negative quantities is ne- 
gative (Art. 23), this sum will be nega-' 
tive ; that is to say, it will be — 6a : hence 
(— «)X( + 6)-— 6«- 

Thirdly^ Let it be required to mul- 
tiply + a by — b. This denotes that. 
4- a is to be repeated negatively* as 
often as there are units in h (the ne- 
gative repetition being indicated by the- 
sign of 6); in other words,. a is to be 
subtracted h times (Apt. 6), or « ia to h times. 

be added ^ timee> and the sum ^^- ,L^(^^ba)^ — ha. 
tracted: hence (+ a) x ( — *) = — ha. 



+ « 

+ o 

J^ &c. as far 

as h times. 

4- ha. 

— a 
— a 
— a 
— a 
— a 

-~&c. to 
h times. 

— ba 
4- a 
+ « 

^--fte. to 



• That is, added less than times. This means that circum- 
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Fowrihly^ Let it be required to mul- w- a 

tiply — a by — h. This denotes that — a 

— a is to be repeated negatively — a 

h times; that is, — a is to be sub- — a 

tracted h times; or, iu other word9» — &c. to 

-^a is to be added h times,' and the h times, 

sum subtracted : but (Art. 23) the sum ( ha\ = I ha 
is — ha; and this sum being subtract- 
ed will be J^ha: hence ( — a)x ( — ^) 
= +6a.* 

stances had been supposed to eiist which would have required as 
many additions of a as there are units in h; whereas the real circum- 
stances have turned out to be such as to require the same number of 
subiractions. 

* This proposition may be demonstrated as follows, after the 
method oi multiplying eonapound quantities has been learned* 

Let it b|^ required to multiply a— >6 hy.o-rd. 
Here a^>6 is first to be multiplied by c: the product of -f-a by 
•^c is -|-ac, as shown above; and the product of 6 by c is he* But 
since a is larger than a— 6 by 6, the product ac is too large by hc; 
be must therefore be subtracted: hence the product is -^ac-^bc. 

Again, a — 6 is to be multiplied by — d; but without regarding 
the sign of </, multiply a— 6 by d, and the product is ad-^bd, as 
before^ Now, since c is larger than c— >d by d, in multiplying 
by c a multiplier tod large by d has been used : hence the product 
of a— 6 by c is larger than the true product by the product of 
a— 6 by d; the product of a— 6 by d, or ad^-bd, must therefore 
be taken from that of a -^6 by c, or ac^^be: this gives 

ac— *6c-^(+ od— W) =3 ac— 6c— od-ji' W. 

The process will, then, stand thus ; 

a — 6 
c— d 



ac-^bc 
^ad + bd 

ac^-'be-^ od -f- W. 
This proof may be more briefly given. To multiply a —6 by c— d, 
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35. II. Powers of the same quantity are mul- 
tiplied by adding their indices. 

For (Art. 14) a* X ^ = <^ X ^><<^ = <<<Miaa =z a' = a^% 
and a'' X <>^ = (MMoaaa x aaota = OAmaMacuiaaa = a^^ =: 
cP^^x andy in general) if a** be multiplied by a"*, the pro- 



put a-*( asp, then the product is p(c-*d) sspc'^pd: or, putting 
for p its equaly 

(a— 0(c—rf) = («—*)«— (*—^)<* 
=s ac— 6c — (od—W) 

s=ac — 6c — a<f*{-6({» 

This proposition is generally expressed thus: Like ngm produce 
plui$ and unUkB tigMt minus* 

The following numerical illustration will make this proposition 
still more efident. Let it be required to multiply 

14—8 
by 12-5. 

This is obviously the same as to multiply 6 by 7; the product is 

therefore 42 : but, for the sake of illustration, let us proceed as in 

the foregoing general example. The product of 14 and 12 is 168, 

which is too large by 12 times 8, or 96: hence the true product is 

166.^96 or 72, which is more 14—8 

simply formed; for 14— 8 = 6, 12—5 

and 6X13=5 72. Again, the 168—96^72 

product of 14-8 by 5, is ^^y^^^ 70-40=80 

70 — AO, or 6X5sS0. But 



since the first multipUer, 12, is 168-96-70+40=72-30=42 
too large Ini the second, 5, the first product, 72, is too large by the 
second, SOr 30 must therefore be subtracted, and 72— 30 as 42^ the 
same as was at first obtained by following the simple natural process. 
The steps of the process may be more briefly put down thus : 

(14—8) (12—5) ss (14—8) 12— (14— 8)5 

a 168— 96— (70— 40) 
S3 168— 96— 704-40 
=:72— 30 = 42.. 
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duct must contain as many factors, each equal to a, as 
are contained in a** and «** together; that is, the number 
of such factors must hen+niy and therefore the product 
must be aT***. 

Case L 

When both muUiplier and muiiqdicand are 
simple quantities. 

36. To th^ product of the numerical coeffi-' 
cients^ annex the product of the letters. ^ 

SXAMPLES. 

1. Mnit^ly 5&C by 3a. 

Here (Art. 8) the product is 5&cx3a, or 6 be 
(Art. 11) 5X3XbcXai that is, l5^ca/or 3a 



(same Art.) It 


iobc. 










\6abc 


2. 2;ry 
6ab 




3. 


4a* 
—3a* 




4. 


6a^x^ 
2a^xy 


\2aibxy 


-12a« 


10a*a?V 


5. —2s/x 

— 3y/X 




6. 


— 7ax 
3bc 




7. 


2aVy 

6aV;y 


6x 


—2labex 


10a«y 


8. 


—5^ 
3a63 






9. 


3a* 
Aa'^b 





15 a6^ 12a^6 
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Case II. 

Vf^en the multiplier is simpky and the muUi" 

plicand compound, 

BULE. 

37. Multiply the sereral terms of the com- 
pound quantity by the simple multiplier, and 
connect the products by their proper signs. 

This rule depends upon the principle in the note to 
page 22. 



1. 3a+4b—6x 2. Sax — 2iy+6x—l 

2y — 2c 



6aif+8by — 12aiy 6acx+4bcy — I0cx+2c 



3. a+b 4. a^+2ab^b^ 

a — a 



€^+ab _a»— 2a*i+a6* 



5. 2a»+4a*««— 3i*y 6. a—,/x—\ 

"—Sa^x ai/x 



.^Sa'x — 12a*a:'+9«*^«y a*/^x — ax — a/^x 



7. 2a+3x^i/ — >/y 



4a^y+6xy — 2y 
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Case III. 

When both muUiplier (fnd multiplicand are 
compound quantities^ 

BULE; 

38. Multiply every term of tbe multipli- 
cand by each tenn of the multiplier, and add 
the several products thus obtained. 

It is obvious from the note to page 22, and from 
Art. 11, that to multiply any quantity by the sum of any 
number of quantities, is the same as to multiply by those 
quantities separately, and then add the products. 

EXAMPLES. 

1. Multiply a-f-6 by ii-f-6. 

a+b 

Multiply a+& by a a*+a6 
V... a+6 by b o^+ft* 



Add the products. fl*+2 aft+6* 



2. Multiply a+i+c by a+b+c. 



Multiply a+6+c by a a^'\'ah'\'ac 

by b ab^b^^bc 

, .....bye ac-f^c+c' 



Add the products. a«+2 a6+6«+2 oc+2 bc+<^ 
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3. Multiply 3a«— 2a?+5 by 4a«— 3ar. 

3a8— 2a:+5 
4a«— 3a? 



■diaa^*i^k^an«^-^n 



12 a*— 8a«a:+20a« 

— 9a«ir+6aj*— 15« 

12a*—. I7a«a?+20a«+6a?*— 15 x 



4. Multiply 2— ^a? by 3— ^a?. 

2 — ^a: 
3— ^a: 



e^Sv^a: 
— 2j^x+x 



5. Multiply ft + a? by b — a?. 

ft+a? 
b — X 



b^ + bx 
— ^{fx — a^ 



6. Multiply 5 — 2V 3 by 4+3^3. 

5— 2V'3 
4 + 3v^3 

20—8^3 

15^3—18 

2 + V3 



7. Multiply Ax—i^d by 70-^34. 
7a— 3ft 



2%ax—ZSad 
^^ax—\2bx — di^^l&hd 



8. Multiply 2a?"-*— 4y"^T)y 2x—4y. 

2a?— 4y 



4a!"— 8ay"+> 

— 8«"-'y+l6y"*» 

4ar"I— 8ay"*'— 8»"-*y+16y"+» 



9. Multiply a" — ft" by a"-— ft* 

a"_ft« 
a«_ft* 

««" — a" ft" 
— a"6"+ft«" 

a*" 2a"ft"+ft**' 



10. Multiply 2a?~^a by 2a?— ^o. 

2a?-^^a 

4a;* — cue 

— aa? + i«* 



4a!«— .2aa? + ia* 
D 
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11. Multiply «— 3, ar+4| and x-^Sf continually to- 
gether. 

x—3 
a? + 4 

a;* — 3a? 
+ 4«— 12 

a*+;aj_12 



_6a!*— 6a?+60 



ir»_4«*— 17«+60 



12. Multiply a+ v'a: by a—//x. 

a+j/x 
a — j/x 



a*+aj^x 



o* — « 



13. Multiply 3a:«— 2iq^+6 by «* + 2ay— 6. 

3aj«— 2ay+6 
ar^ + 2ay— 6 

3a^— 2aj»y+6a!* 

6aj»y— 4a^y« + 10ay 
_18aj«+12ay— 30 



3aj* + 4a;»y— 13aj«— 4a*y* + 22ay— 30 

14. Whatwill(a«|-5)a;becomeyWliena«|-ei8putfora;P 
Here (a+b)x becomes (a+b)(a+e)i then, 
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a + b 
a+c 




a* + ab 
+ ac + be 


• 


a^+ab + ac + bc 


15. WhatwiUa^^becomeiwliena^isdiaDgedintoar+A^ 
Here o^ becomes (a;-fA)'$ then. 


* 


x+h 
x+h 




a^ + xh 
xh+h* 




9i^ + 2xh+^ 




EXAMPLES FOB FBACTICE. 


1. 

2. 


Multiply a by b. 
,, X bv fin. 


3. 


••••••••a a' bv #2*. • 


4. 


•••••••*. a* bv a!*- 


5. 


• ••....a* 7a? bv f^anK 


6. 


• •••••... . #z^ bv #iW^ 


7. 


7bv5. . 


8. 


., Sa?* bv 5j!*^ 


9. 


,„ , 2o* bv &aK 


10. 


.*.•••••. «*Mr fcf J^ V C« • 

••••••... a bv - 1 _ 


11. 


,,..„,.. _11 bv a. 


12. 


• ••••■'•''•■ 49191 bv f?/3r 


13. 


.•...•••a 4a! bv ifl- 


14. 


• •••••••. ^M* "Jr 5 Mr. 

#5* bv #£«A'. 


15. 


•.••.•••• fl" bv fl**- " 


16. 


4^*-^* bv Sfr^'- 


17. 


~2^by— -46*. 



/ 
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18. Multiply A^>by5% 

19. oay by -^«r. 

20 a*-* by «**•*. 

21 a^byaj*. 

22 4cby 12(f. 

23 rf'«»bya«ap*. 

24 ^a by itself. 

26 3^S by 4V'5* 

26 iaby^a. 

27 2^6 by ^*. 

28 4^ar by Sy^a?. 

29 Ja««' by ia'»*. 

30 4obyio* . 

31 2v^by 4b. 

32 a*«ybya»Vy. 

33 4a:— 25+3cP by 2ar. 

34 — 7a*+4a5a?— 3£f+8 by 3a*. 

35 *a+bx+edy by a*. 

36 7a-74a»4.24rby— .4a'ar. 

37 4«a:~2A«y+7a<^— 6y by 3a&. 

38 4vfK— 3«»y+5^af by 2«y. 

39 2yf~3ay+12aa:— 3by Jay. 

40 y^^Sz+^az hy my. 

41 *y«?— ayd+!2y* by — fe. 

42. a^xby a+x. 

43 ^+^byc4-(li. 

44.^^ 3-^0? by 3 — x. 

45 6^a by 6'— a. 

46 4-^a by 54-^* 

47 a:^3by2a— 4. 

48 n-«*-4 by n«|*^? 

49- 4a— i by 4a— i. 

50 ffi4*» by fn-|"P* 

51 a«|-^ l>y <*— ^t 

52. ........A «•— /» by n — p^ 
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53. Multiply x — a by x — b. 

54* •«•• X'^dhy x-^bm 

5S X'\'ah'yx — b. 

56. • x—ahyx'^'b, 

67 3b—6ahj—Sb+3a. 

68 n—^hyn+i. 

59 Ja_lbyia— 1. 

GO. • AT-^ybyn — d. 

61 b+2yhyb+2y. 

62 5— y«by6— y«. 

63. a*+6bya*+i. 

64 a?+ybyar+y. 

66. or^-Sby X'|-5. 

66. X — 4bya? — 11. 

67 a?+7bya?— 1. 

68 x+9bya:— 10. 

69 oT+ir by a—b. 

70 a"— 6"bya"+ft". 

71 1— ^2byl + v'2. 

72 3b — 2£W?+a^by2ft — ax. 

73 aj*+5aa? — a* by a: — 2a. 

74 »* — 2aa:+a*bya: — a, 

75 aj*—6ar+9 by ar— 3. 

76 a*— £W?+6aj*by o+4x. 

77 6a«+10aaf— 4a:*by4a— 2ar. 

78 o-+a"^'ar+a»-V+o*-*«'bya+ar. 

79. * ar+bP—2€r by 2a'"— 3^. 

80 a:*+ay+y' by a:— y. Ans. x^ — y'. 

81 a^+a^b+aif^+b^hya—b. 

Ans. a* — b\ 

82. «* — ay+y* by x+y. Ans, jr^+y^ 

83. a«+a*+a« by a«—l. Ans. a^^a\ 

84 l+2a?+3a?*+4ar'+5ar*by 1— 2ar+a:*. 

Am. 1 — 6«* + 6x^ 
D3 
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85. Multiply x — 1, jp+2, «+3, and «— 4, contiim- 
ally together. Ans. a?*— 15x*— lOar^f 24. 

86. Multiply x+\y x^2y j:_3, and a:+4, continu- 
ally together. -4«*. a?*--15a;«+10a:+24. 

87. Multiply ^t+ft+c, ~o+6+i?, a—b+c^ and 
0^6 — Cy continually together. 

88. Multiply a*— 2a»ft+4a«6«-^a6»+l66* by a+2^- 

-4n*. a^+32bK 

89. Multiply 5a6+3ae— 46e by 7ab—lSac+2bc. 
Ans. 35 a«ft*— 69o«ic— l8aA*c-^4aV+78aJc*— 8*V«. 

90. Multiply 9+2 v^lO by 9—2-^10. Ans. 41- 

91. What will 4a«» become, when or+A is put for x^ 

Am. 4a(«'+3««A+3jrA«+A»)- 

92. What will ay become, when ap+i and y +* are put 

fop 4f and y P ^»^* ay +6a:+fty +^* 

93. What does (a+*)(a— *) become, when a+fr is 
•ubstituted for «P -in*. —2ab—bK 

94. What does a«— Jjp become, when a — b ia substi- 
tuted for «f Ans. a«— 2aft+6*. 
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Art. 39. Prop. I. When the divisor and divi- 
dend have the same sign, the quotient is positive ; 
when they have different signs, the quotient is 
negative. 

For, by the nature of division, the quotient must be 
such, that when multiplied by the divisor, it shall repro- 
duce the dividend ; therefore, 

Firsiy If +ab be divided by 4-0, the quotient mutt 
be -f- 6, in order that the product •|-a5 may be repro* 
duced (Art 34). 

Secondly f If — ab be divided by -fa, tl^e quotient 
must be -^5, in order that the product — a5 may be re- 
produced. 

Thirdly^ If +ab be divided by -—a, the quotient must 
be —6, in order that the product 4*06 may be repro- 
duced. 

FourtMy^ If -^ab be divided by «->a, the quotient 
must be .f 6, in order that the product —oft may be re- 
produced. 

40. 11. A power of a quantity is divided by 
any power of the same quantity, by subtracting 
the index of the divisor from the index of the 
dividend. 

For (Art. 14, 39) a*'^cPzzaaaaa^aaa:saa^a*^a^^% 
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and a^^a''^acuiaaaa€UUM'^a(iaaa(ui:ri€UUias:c^rid^'''^; 
and) in general, if a" be divided by o^, the number of fiftc- 
tors, each equal to a, in the quotient, will be found by sub- 
tracting the number of such factors in a"* from the number 
of such factors in a"; that is, the number of factors will 
t)e »•— ffty therefore the quotient is a* 



Casb I. 
When both divisor and dividend are simple quantities, 

B U I4 E. 

41. Take for the quotient such a quantity as, 
innltiplied bj the divisor, will reproduce the 
dividend. 

XXAMFLES. 

L Divide 20bxy by 6x. 

Here 20bxy being a product, and one of 6x)20bxy(4bi^ 
its factors 5x, the other, by the nature 20bxy 

of division, must be 4iy. The quotient, , q 

therefore, consists of the quotient of the 
numerical coefficients, with those letters 
amiexed which are not common to the 
divisor and dividend* 

2. Divide— 27ft«by3i«. 

Here 3 U contained —9 times in Sb^)— 27 b^(— 9 Ir 

—27, and i« in 6' is contained 6* —276* 

times; the whole quotient is there- qTov 

fore — 96*. 276* 

— -— =— 96« 



3. Divide —QVa^ by ^\a»(K?. 

Here —4 is contained — 4d^«')_9ft'4«(2^^,or— 
^ tinies in —9, and — 9ft««* ^ ^^ 

a&««» in &»*• is cob- tx ^^ 

tained — times, the • — -^ft'x* 9bx 

common fiMitora being — 4a&««» 4a 

eipvnged. 

4. Divide 6ft^ by 2aM^. ' 

5. Diiide 12tf«fiV by — 3a<ii;^» 
— 3a^w*)l»a*iii»«»(— 4d«»»*ar. 

6* Divide a by ^o* 

Here, as vtL other casei,. the quotient must be ^a)a(j/a 
such as to produce a when multiplied by t/a ; a 

it must therefore be y^o. "^ 



7. Divide a* by a^*. 

55'x 
8.^ Divide 5 ¥a^ by Toftx^* -4im. -=— . 

9. Divide — 12a"ft« by — 4a«i«. -4im. 3a--*. 

10. Divide l8a:-» by — 9«*^. Aw. —2*^'- 

11* Divide. —-j^ by -^j^* ilvM* «"• 
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Case II. 

When ike divisor is simple, and the divi'* 
dend eampound. 

' BULE. 

42. Divide every term of the dividend by the 
divisor, and connect the quotients by their - pro- 
per signs. 

EXAMFI^ES. ' 

1. Divide \2db^c—Z2hcii^—Aabcy—Abc by Abe. 

4^) 12a6«c— 326ea^— 4ahy— 46c 

Zab — 8«* — ay ~1 

2. Divide 4a*ft— 126+l6aar— 4a^— 14a»J» by — 4«^. 
— 4a)4a*ft— 125 + l6a«— 4a^— 14a«5« 

h a* 

_a5+ 3 4« H — +3ia*J»t 






3. Divide a"— a»+»«+a"+V— o»+8apS^.^*fV by a' 



4. Divide — 15ttV+9«V— l2»V+3n*ar^by — 3»V. 

« * 

6n'x— .3nje'4. 4 — «*. 
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CA8B III. 

When both divisor and dividend are . 
eon^Mfund quantiiiei* 

43. 1^ Place ibe quantities in one line^ as in 
division in Arithmetic ; 2^ arrange^ if possible, 
both divisor and dividend according to the pow- 
ers of some letter common to both, so that its 
highest power maj stand first, its next highest 
power second, and so on; 3^* divide the first 
term of the dividend by the first term of the 
divisor; the quantity found is the first term 
of the quotient ; 4^' multiply this term into the 
divisor, and, 5®' subtract the product fi*om the 
dividend; 6^ consider the remainder, if there 
be any, as a new dividend, and proceed as be- 
fore; and 7®' if a remainder do not disappear, 
indicate its division by the divisor, and annex 
the result to the quotient 

XXAMFLES. 

1. Divide (^+24zx+a^ by a+x. 

Place the quantities in one aJ^x)a*+2aX'^a^(a'{'X 
line, and arrange the terms o'.f go? 

according to the powers of a, ax-^-a^ 

as on the margin; then . ax+se^ 

(part 30- of the Rule) divid- 0~" 
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ing a* by a, we find a for the first term of the quotient ; 
(49) multiplying the divisor by this term a, we have 
a* +0X9 which be^ng subtracted (5^) from the dividend, 
leaves the remainder aar^-A* for the new dividend. Again, 
dividing (&) the fint term off of tfab remainder by the 
first term a of the divisor, we have x for the second term 
of the quotient, the sign being •{* because a and ax have 
the same sign; multiplying again, we have ax+x* to 
subtract, which leaves no remainder : the complete quo- 
tient is therefore a+x. 

The reason of the operation is obvious: we first 
take away from the dividend the product of the divisor 
u+x by a, tiie first tevm of the quotient; we then sub- 
tract from it the additional product at the divisor a+x 
by Xy the second term of the quotient; so that, in all, we 
take from the dividend the product of a+x by a-)-x, 
without leaving any remsdnder: since therefore the quo- 
tient and ^vis<» reproduce the dividend without remain- 
der, iMs quotient is complete, and ike operatiim is neces- 
sarily fimshed* If there be a remainder, the quotient is 
incomplete; and if the remainder never disappear, no 
matter how often the operation is repeated, the quotient 
is interminable, and there is no series of terms which, 
multiplied by the divisor, can reproduce the dividend.* 
(See Chaf. IV. last Artich.) 

* We might have arranged the tannt in the last example accord* 
ing to the powen of tr; this would have given 

and the operation would stand as below : 








The arrangement in this case, as in the first, is according to the order 



Ex.2. Divide 6a'^9a&:by 2a~3». 
2a—3b)6a*—9ab(3a 





3. Divide 70 a^bd— 150 al^c^l60a^ bed by 7ad—l6bc 
— \6acd* 

7ad-^lSbc—l6aed)70a^bd—l60al^c—l60a*bcd(\0ab 

70a^bd—l60ab^c—\60al^bcd 



4, Diyide a* — «* by a+x. 

a+x)a* — «*(a — x 
a^+ax 



'OXlz — a?. 
ax — x* 



•f the letters; but if we disregard alphabetical arrangement altoge- 
ther, we shall sometimes find the complete quotient after a greater 
number of operations than there is any use for: in most cases, how- 
ever, the quotient will be interminable. The following arrangement 
of the terms of the last example will make this more plain : 

2aar+2«» 



a'-)-«r 



— oar-— »• 
— osc— »• 





Here one operation more than was necessary has been gone through, 
in consequence of the arrangement, and the quotient is reducible 
to a-t-v* See Chap. IV. tati '4rticU, - 

E 
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5. Divide a*-|-a* by a-^x. 

2j* 



a — «)a*+a*(a+«+ 



a* €LX 



a+x 



ox — «* 

2x' remainder. 
The remainder is here set down, as in part 7®* of the Rule. 

6. Divide m*+mn+«ip+«p by m'\'n. 
9n4-n)m*4-9iin-|-mj94-nj9(9ii+jp 

mp'\'np 



7. Divide dP* — a' by « — a. 
3^ — ajp« 



ox* — a' 
ox* — a'x 



a*x — a* 
a^x — a* 



8. Divide »♦— 4a?'-.34«*+76x+105 by *— 7, 
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•af— 7)«*— 4«»_34a*+76a?+105(«3+3««— 13x_15 



3«»_34a* 
3«»_21«* 



13««+76x 
13a?«+91a? 



— 15a:+105 
— 15ar+105 







9. Divide a+ll^a+30 by 4/a+5. 
^a+5) a+ 1 Va+30 (^a+6 

6>v/a+30 
6^a+30 





10. Divide a" — /^" by a—- /^. 
a"— a*^*/^ 



ar-^h—ar-^b^ 



oT'^b^—a'^b^ 



ar^b^—b^ 



a^b'—b-, &c. 
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1 



nfvmoH 
lU Divide I +ei«4'6a^+«a^+**&^ *— ^- 



\ I +ax+bx'+cJ^+dx' &c. H +(1 +«>+(! +»+ft)** 



(l+a)a?+6af« 
(l+a)x— (l+a)g» 

(l+a+^)ar«+car» 

( 1 +a+b) x^—{l +a+b)x^ 



(l+a+b+c)x'+dx^ 
{\+a+b+c)x'—(\+a+b+c)x* 



(i+a+b+c+d)x*+ex^, &c- 
This quotient might be arranged as under: 



1 + 1 
a 



a 
b 



a*+l 
a 
b 



x^+\ 



a 
b 
c 
d 



x*+;&e. 



SXAMFIiirS FOB FBACTICE. 

1. Divide be by c. 

2 x^ by X. 

3. — ^ by itself. 

4 — a by its square. 

5 — X by X. 

€ 15aa:by3r. 

7 12^ by 16^*. 

8 4ghy6q. 

9 ^arbyv'^. 

10 o^bya*. 

11 3xby2x. 

12 b** by b\ 

13. a" by a. 

14 a'n by — a^n. 
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15. Divide Sxhj 4^x. 

16 I2axhy 4aj^x. 

17 a— »bya"+>. 

18 6«a?^byftV. 

19 —a by — 1. 

20 — Ibya. 

21 _lby— 1. 

22 Iby— 1. 

23 5a»+» by 5a— >. 

24 2 by ^2. 

25 5 bye. 

26 36v'y by_2ay^y. 

27 Sahjj^Sa. 

28 twice the cube of a by half its square. 

29 Smpxhy 2fnxi/, 

30 1200:^ by 46jr. 

31 4^ by 36. 

32 arby4jr. 

33 nm by np, 

34 afhyaf'K 

35 ar'^^by**'. 

36 abe by ad. 

37 24a«6» by 8a*^. 

38 6* by a». 

39 _l6aby— 86. 

40 12a by — 4b. 

41 a^bya*. 

42 a" by a:*. 

43 — lla"a:^« by 5a:^*. 

44 5ay" by 7ay*. 

45 — 6aar by — 3bx, 

46. ' 12a"a?y by 4a'jfy. 

47 36a^^b^xy by 9a»6Vy. 

48 _3a»»by— 3a'i. 

49. ........ — aby6. 

£2 
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50. Divide — 6 np^ by -i-iy. 

51 Vs^/^hy^px. 

52 ISft^JcV by 3*V. 

53 126V+4 V— ^16* ^y 4*. 

54 3a^4-12a&r^9a?6 by ^o^. 

55 _9a6Vy+ l2*V3^+15a«^Vy— 3^a* 

xy by — Wa^. 

56 15o*ftc — 12«w*— 5cMf*by — ^ae. 

57 ab+b^hj^h. 

58 a*_2a+7— 3*— 1 by ~1. 

59 ax»->+ft«"+».^ci*^+dx-»'» by o^-*. 

60 8a^-^6ay+4w+ 1 by 2jf. 

61 v+V'*^+V"*'*+V"^'+^<5-*>yy"- 

62 . 40a»6?+60a'6''— .I7a6by— 5 a*** 

63 7nV — SaFy?— 12*jy*+13«iJM:by 4iMr. 

64 5 a'«V — ^^*y— 20 ^^l^ ^y ^ ^•* 

65 a'— 2a6+d*bya— *• 

66 a' — a;* by a — a?. 

67 a^+3x — 28by«— 4, 

68 a;»+2jcy+y* by «+y. 

69 m"— 36bym+6. 

70 64— x'byS — x. 

71 «'+24ijH-l>* ^y «+P- 

72 25— lOy'+ybyS— y*. 

73 a'— lbya+1. 



* Such examples as the following come under the Second Case, 
though the divisor has a compound form ; for every term is divisi- 
ble bj the compound factor : * 

3 a(o+y)) 8aft(a+jy— 6»(4i+ar)«+8»(a +*) 

•4.*)6a(o+fry— 8(o+6y— '8«(a+6) 
67(a4.6)*— 8(a4^)«.8ff 



74. Divide a — I bj j^ctJ^^l, 

75 26*_32%6~2. 

76 €^+3a^b+3ab*+b^ by a+b. 

77 a?— 6» by «+&. 

78. »•— 9by«_3. 

79 27— ^* by 3^^-^». 

80 a'^9a'+27fl— 27 by a— 3. 

81 a'"^^+(^'' — a^b — 6"+^by a*^+&". 

82 a«+»+2a-jp+2rt»-V+2a*^V, &c. by 

83 i»"+»+a6»— a-6— 6»+> by a— 6. 

84 l-:-5a:-f^i0a?' — 10a?^ + 6x*— jc^ by 

S6. «'~3a«c+4ac*— 2c3 byo*— 2««5+c«. 

86 4a?«+4a*_29ir+^l by 2«— 3. 

87 i — 156+34a6— 15a^ by — ^^-^da. 

88 X — lOQ by >v/d:— 10. 

89 1— «* by 1 — n. 

90. 'afi — a^hyte^^a. 

Ans. x^+€uc^+a^x+a\ 
91 «* — a*byar+o. 

92 «*if a* by x+a. 

93 a?*+a* by a: — a. 

94 6a:*— 96 by 3a:— 6. "~ 

Ans. 2a:?+4a:^+8*+ 16. 
95 a^ — afi by a — x, 

Ans. a^+a*a:+aV+aV+flrar*+x^ 

96 »* — p^ by n — p. 

Ans. n* + n^p -f- n^p^ + np^ +j»*. 

97 ^*+P* by «+j». 

^n#, n* — «'j!i+«y — n/>5+/>*. 
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98. Divide x^+a» by a^+o*. Ans. afi—x^a^+a^. 

99. I^ivide afi—l by x—l. 

100. Divide a?*— y* by «'+«^+a!y*+y'- 

AfU. X — y. 

101. Divide 196a"tf*— 36a*6V+12a*ftc5— c^by 14a* 

102. Divide a-+6» by a+ft- 

Ans. ar-^—ar-^h+ar^b^—dr^h^ &c. 

103. Divide 2a*»+2a'"6'--4a-c''— Sa'-ft— 3/^'*^+6ftc" 
by 2a'"— 36. ^«** o"+^ — 2c*. 

104. Divide 12a«— 12a— 6aa:+32am— 20ap + 6x 

4m«+/?« + l6»i*— I6«ip — 24«i+3/?*+18/> by 2a 

x+4m — 3p. Ans. 6a+4m — p — 6. 

105. Divide a-+"6*— 4a"^"-»6*»— 27a'"+r-*6'» + 
42 a"^"-^ 6*" by a***— 7a"-*6»*. 

Ans. a^+Sa"-*^"— Ba"^***". 

106. Divide 12a« + 26a6— 36ac+ ISac?— 106« + 
29fe— 6M— 21c»+9crf by 6a— 26+3c. 

Ans. 2a+5b—7c+3d. 

107. From example 10, ^nd, by substitution, the quo- 
tient of a^ — 6* by a — b. 

108. From example 10, find, by substitution, the quo- 
tient of a' — 6' by a — b. 

109. From example 10, find, by substitution, the quo- 
tient of a^ — b'^ by a — b. 

110. Find, from example 102, the quotient of x^+a* 

by x^a. 

111. Find, from example 102, the quotient of a^»+*»« 
by a+6. 
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CHAP- IIL_£L£MENTS OF THE THEORY OF 

NUMBERS. 



Art. 44. Djbf. L When a less number is contained a 
certain number of times exactly in a greater, the greater 
is called a multiple of the less, and the less is said to be 
K^party measure^ or sub-multiple of the greater.' Thus, 
5 is a measure or sub-multiple of aby and txb a multiple 
of Of and also of b : also, 36 is a multiple of 9^ and 9 a 
part, measure, or 8ub<^multiple of 36; but 9 is* not a' mea- 
sure of 40. 

45. n. When a number is a measure of several others, 
it is called their common measure: thus, 9 is a common 
measure of 63, 54, and 72, as it is contained a certain 
number of times exactly in each of them. 

46. HI. When a number is a multiple ef sev^arkl atfa^n» 
it ia called their comffMm multiple: thus, 56 is a^eomHiOii 
mditrpl6of4, 7, 8, 14. 

47. IV. An evetA number is one which can be divided 
into two equal integral parts; and an odd number, one 
which cannot be so divided. 

48. CoroUart^. Hence^ if ». represent any .number 
whatever, ev^ or odd, 2n Will be^ always- ev^n^ as it it 
divisible by 2. Hence, also", a BUnrber greAiteror less than 
^n by unity, will be odd: thus, if w=7; 2«+ 1=15, and 
2«_1=13, both odd; if w=zl8, 2«± 1=37 or 35, both 
odd, &c.; so that all odd numbers may be represented 
by the expression 2 n db: 1 . This is generally expressed by 
saying that even numbers are of the form- 2ii, and .odd 
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numbers of Hie farm 2ni±:l. Even and odd numbers 
may, however, be represented by other expressions besides 
these; for, if nandn' be any two numbers, 2(n:^n') 
will be even; but 2(ni±:fi')=t:l will be odd. Thus, if 
n = 99 and n'z=6, 2(n=!=n') = 30 or 6, even, and 
2(ndb«')=tl = 31 or 29, 7 or 5, all odd. So also 
2(2n«')> 2(«=t:n'=±:l), 2(««'zt:nzt:«'), are even 
forms, or of the form 2n; and 2(n=±:n'±l)dbl, 
2(2nn'd=9t)r±:l, &c. are odd forms, or of the form 
2n=±:l. 

49- V* A prime number is one which is not composed 
of any integral factors ; and a composite number, one 
which is composed of two or more such factors. 

50. Cor. Hence, a prime number cannot be divided 
by any numbers but itself and unity. Hence, also, no 
even number but 2 is prime.* 

61. VI. Commensurable numbers are those which 
have a conunon measure greater than unity; and incom- 
mensurable numbers, or numbers prime to each other, 
are those which have no common measure greater than 
unity. Thus, 6 and 8, 4 ax, and 5ax^, are commensura- 
ble ; while 5 and 6, 7 and 2, ax and by, ^3 and ^8, 
2 and ^5, are inconunensurable, or prime to one another. 



* Those fiurtora of composite numbers which are themselves com- 
posite, can always be resolved into the same prime numbers. Thus, 
the factors of SO are 5 and 6, and S and 10; now 6=3 X ^> there- 
fore 30=5X3X2, the factors being all prime. Also, lOrsSX^; 
therefore dO=3X^X2» the same prime factors as before. In 
like manner, the factors of 24 are 4 and 6, 3 and 8, 2 and 12; 
but all these can be resolved into the same prime factors, 2^ 2, 2, S. 
Thus, also, 360=2X180, 180=2X90^ 90=2X45, 45=3X15, 
15=3X5, therefore 360=2X2X^X3X3X5; and whatever com- 
posite factors of 360 are taken, they can be always resolved into these 
tame prime numbers. 
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SECTION n. — PBOP06ITION8.* 

Art. 52. Pbof. I. If a Bumber measure an- 
other, it will measure any multiple of that num- 
ber. 

For if a =: &c, then ma = mbc ; or if 6 be contained 
c times in a, it will be contained mc times in ma. 



* The five following propositions are taken, with very little 
ebangey from " Barlow's Theory of Numbers,** the only treatise on 
the subject in the English language. They do not bear directly on 
what follows, and are inserted here for the purpose of leading 
the learner to reflect early on the properties and relations of num- 
bers. These, and several propositions in thb text, should be illus* 
Irated by copious examples with particular numbers. 

I. The sum or difference of any two even numbers is even. 

For, since all even numbers ^re of the form 2n (Art. 48), the sum of 
even numbers will be represented by 2n-^2n =2(n-^nf), and tlieir 
difference by 2n— 2n' = 2(n-- n'); or, combining the two, by 
2n=±: 2n' = 2(n±n')> which is of the form 2n, and therefore even. 

Cbr. Hence, the sum of any number of even numbers is even ; 
for suppose a series of even numbers, tlie sum of the two first is even, 
then the sum of this sum and the third is even, and so on to the last. 

IL The sum or difference of two odd numbers is even; but the 
sum of three odd numbers is odd. 

For all odd numbers ar? of the form 2n± 1 (Art. 48), therefore 
the sum or difference of two odd numbers is represented by (2n:±: 1 ) 
±(2n'it:l)=r 2(nit:n'db:l), which is of the even or 2n form. 
Now the sum of three odd numbers is represented by (2n=£=l) 
+(2«^±l)+(2n"dbl)=2(n+n'+n"+l)=±=l; which latter 
expression is of the form 2 a ± 1, and therefore odd. 

Cor. Hence, the sum of any even number of odd numberi is 
even; but the sum of any odd number of odd numbers is odd* 
Hence, also, the sum or difference of an even number and an odd 
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63. il. If a number measure each of two 
others^ it will alsa measure their sum and differ- 
ence, or the sum and difference of any multiples 
of them. 



number is an odd number; for 2n±: (2n'± l)==2(n±n')=t: l» 
which is of the form 2n±U 

III. The product of an even and an odd number, or of two even 
numbers, is even. 

For2nX(2n'±l) = 2(2nn'dt:n); and 2nXSnf sss 2(2nnO; 
both of which are of the form. 8 !•• 

Cor, u Hence^ if an even number be divisible by an odd number^ 
the quotient IS even. 

Cw« lib The product of any number of faotors is even, if any-ono 
of: them 'be even; for the product' of all the others, by the even fae* 
tor, wiH be even. - 

Cor. m. An odd number ie not divisible by an even number; 
for, if possible, let the divl&ion give any whole number^ m, ao that 

5i^««, U«n, .Inc. U».dW»r. »»WpU«l.by tb. ,u»ti«t, 

always produces the dividend, we have 2ndz 1 = 2n'X»*; there- 
fore an even number, 2n' X ffh equals an odd number, which is ab- 
surd: wherefore an odd number is not divisible by an even number. 
Cor. TV, Since a power is the product of a number multiplied by 
itself, it follows that any power of an even number is even ; and, 
conversely, if a complete power be an even number, the root ia 
evenalsot 

IV. The product of any two odd numbers is an odd number. 
For (2n±:l)x(2nfdil)s=4fin'd:2ndb29i<dbls32(Sfift' 

^ iKd: ft') :li ly which last ia of the form 2n db 1$ and therefoveodd. 

Cbr. I. The product of any number of odd numbers is odd ; Ibr, 
since the product of any two is odd, the product of this product by n 
third number as odd, and so on. 

Cor, TL If an odd number be divisible by any number, the quo* 
tient is odd. 

Car, iiL Bnory power of an odd number is odd ^ and> eonvenohr^ 
It any complete, ponwr be odd, the root is ao also. 
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Let p divide a and &, and let the quotients be q and q'y 

then — = 7, -=a'> therefore, by the nature of division, 
p p 

azspq^ and b^zpq'^ whence (Art. 27, 28) azizbzizpq'^z 
pq*, or a:±zb zsp (qztzq'); or (Art. 30), dividing the equals 

by Py ':=.q±(f. Now, since by hypothesis a and ft 

are divisible by /?, and g and ^ are the quotients, q and ^ 

are whole numbers, therefore their sum and difference are 

also whole numbers; that is, q±(i is an integer, and 

consequently a ±6 is divisible by p. 

Again, let ma and fib represent any multiples of a and h; 

then, since a ^pq^ and h = j?^, ma =: nip^, and n6=: 92/9^; 

hence, 

ma z±:nb:s (mq ± nq^)p9 

madtznb , 

and zzmq:±znq ; 



Cor. IV. By Cor. iv. last Prop, and Cor. ni. this Prop, it follows, 
from Prop. I. and II. that the sum or difference of any power and 
its root is an even number. 

V. If an odd number divide any even number, it will also divide 

iu hatf. 

2n 
By Cor. i. Prop. III. 2n'z±il ^^^"'^ whence, by the nature of 

division, 2n=2n"(2n'± l), and therefore ns=:fi"(2n'±: 1); or, 
— '*- — =n"; whence, if 2 n be divisible by an odd number, so 

likewise is its half. 

Cvr» If an odd number divide an even number, its double wiU also 

divide the even number; since, as is well known from Arithmetic, 

the doubling of the denominator (the odd number) is the same as 

' 2ti 2n 

halving the numerator; or ^^.^^ = 2n", then 2(2n^dzl) ^ " ' 

or, as before, ^^,^^ ^=n". 
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but m, », g, and g', being iategers, the quotient mqdc.wf 
is also an integer, and »iadbn6 is therefore divisible by p. 

54. Cor. It follows, firom this proposition, that if a 
number divide the whole of another number and a part 
of it, it will also divide the other part ; and that if a num« 
ber consist of several parts, each of which has a commoa 
divisor, py then will the whole number composed of these 
parts be divisible by/?. 

55. III. The greatest commoii measure of two 
numbers is found by dividing the greater by the 
less, and the last divisor by the last remainder, 
until there is no remainder : the last divisor is 
the measure required. 

Let a and h be the quantities whose common measure 
is required, and let a be greater than b: the process will 
be as on the margin. 

Dividing a by by let the quotient be/?, b)a{p 
with a remainder c; again, making this pb 
remainder the divisor, and the former c)^{i 

divisor the dividend, let c be contained qe 

in by q times, with a remainder, d; and d) e (r 

repeating the process, let d be con- rd 

tained r times in c, with no reminder: 

then it is asserted that d is the greatest 
common measure sought. 

To e8tabli|h this, we shall prove, ^r^^, that ^ is a mea- 
sure of a and b; secondly y that every measure of a and b 
is a measure of d. 

JFirsiy By the nature of division, />& ^ c = a, ^c-f- cf = 6, 
and rd^zc; then, since d measures c by the units in r, 
it measures qc (Art. 52) ; and since it measures qc 
and dy it measures also qc+d (Art. 53), that is, b: it 
measures b, and therefore pbi it measures pb and v, and 
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therefore pb+Cy that is, a: but it waft before shown to be 
a measure of b, it is therefore a measure both of a and b. 

Secondly y If a number measure a and i, it measures 
a and pby and therefore their difference c (Art. 53); 
also it measures b and c, and therefore b and ^, and 
consequently their difference d: hence, every number 
which measures a and b measures d* It follows from this, 
that the greatest number which measures a and b, mea- 
sures d. Now, no number greater than d can measure d^ 
therefore no number greater than d can measure a and b; 
that is, d is the greatest common measure of a and b. 

56. Cor. The greatest common measure of three num- 
bers, a, by c, is obtained by finding d the greatest common 
measure of a and b, and then the greatest common mea- 
sure of d and c is the greatest common measure of a, 6, c. 
Because every common measure of a and b ib a, measure 
of dy and therefore the greatest common measure of d and c 
is the greatest common measure of a, by c. 

On the same principle, the greatest common measure 
of four or more numbers may be found. 

EXAMPLES. 

1. Required the greatest common measure of 112 

and 360. 

' 112)360(3 
336 

"24)112(4 
96 

16)24(1 
16 

1)16(2 
16 
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So that 8, the last divisor, is the greatest common mea- 
sure required. 

2. Required the greatest common measure of 16 

and 57. 

16)67(3 

"9)16(1 

7)9(1 
7 

.. 2)7(3 
6 

1)2(2 
2 

"o 

Here the last divisor is 1 ; the numbers, therefore, have 
no common measure greater than unity ; and hence they 
are prime to each other, or incommensurable. 

3. Required the greatest common measure of 325, 455, 
and 312. 

Find, first, the greatest common measure of 325 and 455. 

325)455(1 
325 



130)325(2 
260 



65)130(2 
130 



moposiTxoirsl 65 

The measure is 65: find, thereforei the greateit com- 
mon measure of 65 and 312* 

65)312(4 
260 



52)65(1 
52 

13)52(4 
52 

"o 

The greatest common measure of 65 and 312 is there- 
fore 13: hence 13 is the greatest common measure of 
the three given numbers, 325, 455, 312. 

4. Find the greatest common measure of 168 and 360. 

Ans. 24. 
6. Find the greatest common measure of 87 and 25. 

Ans. 1. 

6. Find the greatest common measure of 189 and 224. 

Ans* 7. 

7. Find the greatest common measure of 385 and 396. 

Ans, 11. 

8. Find the greatest common measure of 2145 and 3471. 

Ans. 39. 
9* Find the greatest common measure of 888 and 2775. 

Ans. 111. 

57. IV. The least common mnltiple of two 
numbers is found by dividing their product by 
their greatest common measure. 

Let a and ft be the numbers, and x their greatest com- 
mon measure ; and let p and q be the quotients, arising 

from dividing a and h by this measure, so that ~ =j9, 

-"=Lqi then, since x is the greatest possible divisor, 
« F2 
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j9 and q have no common measure.* Hence^ pq is the 
least common multiple of these numbers, and therefore 
pqx is the least common multiple of px and qx. Now, 
px=zay and qx=zby therefore abzzpxxqps; whence 

— zzpqx. Hence, — is the least common multiple of 

a and b. 

58. Cor. I. It is plain, that of two incommensurable 
numbers the least common multiple is the product. 

59. Cor. II. The least common multiple of several 
numbers will be found by finding the least common mul- 
tiple of the first two, and the least common multiple of 
that multiple and the third number, and so on. For all 
the purposes, however, for which it is required in Algebra, 
the least common multiple will be most easily discovered 
by inspection.! 

EXAMPLES. 

1. Required the least common multiple of 325 and 455. 

Here, according to the last proposition, the greatest 
common measure of 325 and 455 is 65 ; dividing their 
product 147875 by this measure, we find 2275 for the 
least common multiple of the two given numbers. 

2. Required the least common multiple of 36 and 8. 

Ans. 72. 



* For, if they bad a commoo measure, it would enter as a factor 
into the divisor of a and b, and there would therefore be a measure 

greater than r; that is, we should bare -ssnp, and -z^nq; 

whence — ^sp, *nd — = 9, which, is contrary to the hypothesis. 
fif fix 

f Hie common process, the same as that for finding the common 
denominator, is explained in works on Arithmetic. See Ike Jrith-' 
fMtic of Dr. ThoTMon, p, 92. 
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3. Find the least common multiple of 14 and 21. 

Ans. 42. 

4, Find the least cibmmon multiple of 12, 8, 6, 4, 3, 2. 

Ans. 24. 
6. Find the least common multiple of 2, 3, 4, 6. 

Ans. 12. 

6. Find the least common multiple of 1,2, 3, 4, 5, 6, 

7, 8, 9, 10. Ans. 2520. 

60. V. The highest common divisor of two 
algebraic quantities, that is, the divisor of the 
highest dimensions, will likewise be the highest 
common divisor of the products of those quan- 
tities, by two others which have no common 
factors.* 

K D be the highest common divisor of A and B, it will 
likewise be the highest common divisor of Aa and B&, if 
a and b have no common factors ; because no new com- 
mon factor is introduced by multiplying a into A, and 
b into B : therefore the factors, which are common to 
A and B, are the same which are common to Aa and Bb* 

61 . Car, Hence, the highest common divisor of A and B 
will not be altered by multiplying or dividing these quan- 
tities by a factor not common to both, or having no mea^ 
sure common to both. 

62. VI. To find the highest common divisor 
of two algebraic quantities. 

Firsty If the divisor sought be simple, to the greatest ' 



* ^is proposition, and the next, do not properly belong to the 
Theory of Numbers; but they are giren here, as they are to closelj 
connected with the greatest common measure. 
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common measure of the numerical coefficients, found by- 
Art. 56, annex the letters common to all the quantities. 
Thu6, the highest simple common divisor of 12a6c^, 16^, 
24a6*c«, is 4^. 

iSecondfyt If the divisor sought be campfmndy the pro- 
cess is nearly the same as that for finding the greatest 
conunon measure of two numbers. It is as follows : 

RULE. 

1^ Divide each of the quantities by their 
greatest simple common measure, if they have 
one ; 2^' divide either quantity, or both, by the 
greatest simple factor contained in it (Art. 61); 
3^ arrange the terms, as much as possible, 
iau^cording to the powers of some one letter ; 
4^ divide the one of higher by the one of lower 
dimensions, proceeding as in finding the great- 
est common measure, except that the divi- 
dends may be multiplied (Art« 61) by any simple 
quantity, which will make the first term of the 
dividend divisible by the first term of the divisor, 
and that the remainders are to be divided, as 
they arise by their greatest simple factors; 
5^' multiply the compound measure thus found 
by the simple measure by which each quantity 
was at first divided, and the product is the high- 
est compound common measure sought. 

Omitting the first three parts of the rule^ which are 
best illustrated by particular examples, we shall take the 
following general example of the process, A and B being 
supposed to have no common measure. 
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Proceeding according to part 4^ of B) A (P 
the rule, B is contained P times in A, PB 
-with a remainder Cc, where C is a Co 
compound quantity, and where c is a r^ B TQ 
quantity whether simple or compound, Qp 

which is obviously not a factor of both -rr-; 

A and B : make C alone the new di- 
visor, and the last divisor the new D)C(R 
dividend, and let Dd be the remain- RD 
der, where d is not a divisor both of 
A and B : make D the new divisor, C the new dividend, 
and let there be no remainder, then D is the highest 
compound common divisor of A and B. If there be a 
remainder, the work must proceed till a divisor be found 
which leaves no remainder; if none can be found, A and B 
Have no common measure. 

63. Now, to prove that D is the required measure of 
A and B. D is a divisor of C, and therefore of Q,C 
(Art. 52), and therefore of QC and Dc^; consequently, 
also of QC+Dd (Art. 53), or B: since, then, D divides 
B and C, it divides PB-|-0, or A. 

Again, every compound factor of A and B is a factor 
of A and PB, and therefore of Cc their difference (Art. 53), 
and therefore of C itself, as c has no factor common to 
A and B; consequently, this compound factor divides 
B and QC, and therefore T^d, and l^erefbre also D alone, 
since d has no factor common to A and B. Hence, every 
compound divisor of A and B is a divisor of D, therefore 
the highest divisor of A and B is a divisor of D ; but no 
quantity of higher dimensions than D can measure D, 
and therefore D is the highest compound conmion divisor 
of A and B. 

The given quantities, A and B^ of the foregoing general 
example, were supposed not to have any common measure; 
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hence, part P- of the rule, and therefore also part S^-f are 
inappticable: it is plain, however, that if the quantities 
whose divisor is sought have a common factor, that factor 
must be afterwards introduced into the compound com- 
mon divisor, D, found by the above process. 

EXAMPLES* 

1. Required the highest common compotmd divisor of 
the quantities, 

26*_10a6»+8a«^« and 9a*&— 3aJ*+3a«^— 9a«&2. 

Here the greatest simple common divisor is b; dividing 
both terms hj it (part P* of the rule), we have 

2*»— 10a**+8o«& and 9a*— 3a6»+3a«^— go**. 

The former of these is divisible by 25, the latter by 3 a; 
this gives 

i«_5a*+4a« and 3a»— ft»+a5«— 3a«ft. 

Arranging the terms according to the powers of a (part 3^), 
multiplying to avoid fractions (part 4® ), and then divid- 
ing, we have 

3a»_3a«*+a5«— &» 

4 



4a«_5ai+i«)12a'— 12a«6 + 4a5«— 4i'(3a 

l2aP—l6a^b + 3ab^ 

3a«5+a6«— 46» 

Dividing this remainder by &, and multiplying the last 
divisor, which is the new dividend, by 3 (part 4® ), we find 

3a«+ai— 4i«)12a*— 16a6 + 3i*(4 

12a« + 4a&— I6ft« 

— 19a*+19^ 

Divide this remainder by -— 19&, and make the last di- 
visor the dividend; the work will then terminate. 
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a— &)3a«+a6_4««(3a+46 

4a&— 46« 
4a6— 45* 




Hence, a — bis the compound divisor: it must be mul- 
tiplied by b (part 5®* of the rule); this gives ab — i^ for 
the highest compound common divisor sought. 

2. Find the highest compound common divisor of 
3^ — a* and «* — a*. Ans, x — a, 

3. Find the highest divisor of tf* — a?* and a'+«*^ — 
ac* — ar*. ^n*. a* — a?«. 

4. Required the highest divisor of 6a*-f'll<>^+3a;* 
and 6a*-|>7aar — S^r*. Ans, 2a-f-3x. 

5. Required the highest divisor of 15 o*+ 10 a*5+4 o'A* 
+6a«6»— 3a6* and 12a«^+38a«5«+l6a5*— 105*. 

-4w. 3a* + 2a6— 5«. 

64. VII. If the product of any nnmber malti- 
plied by unity be equal to the product of unity 
multiplied by the same number^ then will the 
product of any two numbers be the same^ which- 
ever of the two is taken as multiplier. 

Let a X 1 = 1 X a» then will ab = &a. 

If a = 6» then it is plain that ab^iha; but if not, let 
one of them, a, be the greater, and let a' be the differ- 
ence; 80 that a = 6-|-a', in which, of course, a' is less 
than a : then (Art. 29) 

abzzb(bJ^a:):=hb+a'b; 

and, reversing the order, 

baz:zbb'{'ba\ 

Now, if ab is not the same as 6a, neither is a'b the 
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same as ba! ; for if ab^zha^ so must a'bzzba*: and if 
a'=5, OP o'=l, then, since 1x^ = ^X1 (hypoth.), ab 
and ba will be equal to the same, and therefore to one 
another. But if a' be neither equal to b nor to 1, let 6 be 
the greater, and 5' the difference; so that b^za'+b'y in 
which b' is necessarily less than b : then we have 

a'b=zaW+&'b\ 
ba':^a'a'+b'a'i 

and the equality of the products a'b and ba' depends upon 
that of a'b' and -^'a', and therefore the equality of the 
first products ab and ba also depends upon that of a'b' 
and b'a' : and if, as before, b'=. a', or 6'=1, this equality 
will be established; but if not, we might continue the pro- 
cess as above, and show that the equality of the products 
a'b' and b'a' depends upon that of others still less, and 
so on. Now it is evident, that in the products a6, ba; 
a'b, ba'; a'b', b'a', &c. in which we have the remainders 
a', a", b'y b", &Ct less than a, a', b, b', respectively, we 
must necessarily at last arrive at a case in which the 
terms of the product are either equal to one another, or 
in which one of them is equal to unity; and in either case 
it will follow, by what is said above, and by the hypothe- 
sis, that the products are identical; therefore, abzzba** 



* This is the demonstration of Legendre, ^ Th6orie des Nom- 
bres," pp. 1 and 2, a little amplified by Barlow, « Theory of Num- 
bers,** pp. 12 and IS. It is objected to it, that the hypothesis of 
aXlsslXoyOn which it is founded, is inadmissible as an axiom, 
and requires demonstration nearly as much as that abszba. It does 
not appear possible to giye a better proof; the difficulty being to 
establish, by demonstration, an elementary truth of so simple a na- 
ture. The proposition is one of whose truth every one will be more 
fully convinced from a few examples, than by any general demon- 
stration that could be given. Legendre has given another proof, 
which is as follows: 
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65. Cot. In a limihr manner it mig^t be proved, that 
the prodact of any number of factors is the same^ in 'what- 
ever (Nrder they are taken. 

66. VIII. If two numbers^ a aod hy be prime 
to one another, then may either of them be repre- 
sented by the expression. a^ziwp^rTy in which r 
shall be less than />, and also prime to it. 

Firsts i£a<py we may make ns: 0, and therefore as r; 
but a<py therefore r<,p. But if a >py let a be divided 
by j9, and give n for a quotient, and r for a remainder, 
which makee a = nj[7-|-r. It is plain, therefore, that we 
may have r </>, since r is remainder, and p divisor. '' 



Let there be a rectangular fi^re whose adjacent tides are divided 
into any numb^, a and b, of equal parts; then, if parallels be drawn 
from the points of division, the figure will be divided into rows of 
equal squares* Reckoning in one way, there will be a rows, each 
containing 6 squares, and the whole number will therefore be ab. 
But if we reckon in the other way, there will be b rows, each con- 
taining a squares, and the whole number will be bcu Now, the 
number of squares is always the same; therefore, abssba. 

Of this demonsttMi«n he observes, that It appears to him ** i-la-fuis 
clsire^ g^o^rale^ et ezaete; cependant si on lui reprocbe d'^ra 
fondle sur des nodons d'^tendue ^craBgiires k la science des nom- 
brcs, void comment on pourra y supplier:*' and he proceeds to give 
the demonstration in the text. 

The following is also Legendre's demonstration of another ele- 
mentary proposition in the Theory of Numbers, for which it seems 
impossible to have any satisfactory general proof. It is founded on 
the eauie pnociple as the last. Ta multiply by a tmrnber^ which k the 
product of two factors, is the stuns as to multiply by those fietors in sue-- 

cosriotu 

lattn be a number composed of the factors a and b, and fit another 

number; then will mXft=*'*XAX6* 

For, conceive a number of spheres or cubes arranged in the form 

G 
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Again, r is also prime to p; for if j9 and r had a com- 
mon measure, then np4-^ ^^^ P would have the same 
common measure (Art. 53); but a = iip4*^» therefore 
a and p would have a common measure, which is contrary 
to the hypothesis. Hence, in the formula a=:nj9-|-r, 
n may be so assumed that r shall be less than p, and be 
necessarily prime to it. 

67. Cor. The same is also true of numbers not prime 
to one another: only in this case, p and r are not neces- 
sarily prime to each other, and the remainder may be- 
come zero, which it cannot be in the former. 

68. IX. If a number be prime 'to two others, 
it will also be prime to their product. 

Let p be prime to a and &, then will it also be prime 
to ab. 

Firsty It is plain that if there be such a number b prime 
to j9, it is either the only one, or there are others besides 
itself; in either of which cases we may suppose 5 to be 
the least of ^ all those numbers that are prime to J9, and 



of a rectangular parallelipiped, and let a represent the number of 
these in the length, h that in the breadth, and m that in the height; 
then the whole number may be found in yarious waji^ all of which, 
howerer, will give the same result. If we consider only one cube 
in the height, then the whole number will be represented by a X^i 
tlie product of the two other dimensions; but m being the number 
in the height, this product must be multiplied by m, which gires 
a X 6 X m for the total number of cubes or spheres. Now, under 
this form of arrangement, it is obriously the same if we take b for 
tlie height, and m and a for the two other dimensions; we should 
then have the total number represented by my^ay^b; hence, the 
touls being equal, we must have aX&Xm=>»XaX6; but ay,b:^nt 
therefore nXmssmXoX^* ^ovf nX^smX'** whence my^n 
BsmXaX^ or mXa^ssmXoX^' 



I 
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that renders the product ab divisible by p. Now, as 6 is 
prime topt we may make 

/i = n6 + 6', 

in which expression &'< i, and also prime to both J9 and b 
(Art. 66): also, b' cannot be zero, for p is prime to b. 
Again, multiplying the equals j9 and nb+b' by a, we have 

ap = nab+ab's 
or, by taking nab from these equals (Art* 28), 

(y>'^nabsiab\ 

Now, if a6 be divisible by p, so also will ap'-^ncA 
(Art. 53); and therefore its equal, ab\ is also divisible 
by p. Now b is the least of all the numbers which ren- 
der ab divisible hyps but &'< &, therefore we have now 
found a less number than b that renders ab divisible by J9, 
which is absurd* There cannot, therefore, be a number 
which is the least of all those that render ab divisible hyp; 
but if there were such, one of them would necessarily 
be the least: there are, therefore, no such numbers. 
Whence, if j9 be prime to a and i, it is also prime to 
their product. 

69* Cor. I. The same holds true of a product of any 
number of factors, and consequently also of any power ; 
also, v£p be prime to a, it is prime to every factor of a, 
and a" can only have the same prime divisors as a. 

70. Cor. u. Hence a product can only be divided by 
those factors from whose multiplication it is produced ; 
and therefore, if a& be divisible by Pf it is. divisible by 
every factor of p. 

71. Cor. in. If p divide a5, and be prime to a, it will 
divide the other factor b; and the same will be true of 
any number of factors, if jp be prime to one of them. 

72. Cor. IV. If there be any number of quantities, and 
any number of others respectively prime to them, then 
will the two products be prime to one another. 
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73. Cor. V. If p divide ab^ and a be prime to p^ the 
quotient will be divisible by a; for^ by Cor. ni« & is 

divisible by p : let then — = q, therefore b =zpqy and 

«& s tg^qf whence — s a^» or the quotient aq is divisi- 
ble by a. 

74. X. The square root of an integer number, 
which is not a complete square, can neither be 
expressed hj an integer, nor bj a fraction. 

Let a be the number; then, from the nature of square 
numbers, it is plain that a cannot have an integral root, 
since it is not a complete squai'e ; neither can it have a 

191 

fractional root; for, if posiib}e» let A/ars-^f m and n 

n 

being prime to one another, or the fraction being in its 

lowest terms. Then, raising these equals to the second 

power, ^e shall have (Art. 31) 

and consequently m^ is divisible by n^; but since m is 
prime to n, so also is wf prime to n* (Art. 72); therefore 

m^ is not divisible by n\ and — ;• is not equal to o, neither 

can -r be equal to /^a, 

75. Car. In the same manner it mi^t be shown, in 

general, that if a be any whole number, and if !ya cannot 
be expressed by any whole number, neither can it be 
expressed by any fraction. 
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SECTI(»7 I. — FUITDAMERTAL PBOPOSITIOKS. 

Abt. 76. Pbop. I. A fraction is multiplied by 
any quantity when its numerator is multiplied^ 
or its denominator divided^ by that quantity. 

Let -r be the fraction, aod x its value,* so that t = */ 

then -T- = — r- ; but, by the nature of division, -i- 
a u Sa a + a + a + a + a 

a d a a a 

. na . a 4- a -|- ^ &c. to n terms a a a 
m general, -y = g =~ + ^ + ^ 

&c. to n terms = x-f-x-f-x &c to n terms =nar, therefore 

Again, let the fraction be 7-, and x its value, so that 
7- = or; then, by the nature of division, azzzhnx^ and 

{Art. 30) r:=nx; but -r is the form which the original 

fraction assumes, when its denominator is divided by n: 
therefore, the division of the denominator multiplies the 
original value of the fraction. 



* This is merely expressing the result of the division of a by b, by 

the simple symbol r, instead of the complex symbol -r. 
^ G2 
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. 77. II. A fraction is divided by any quantity 
when its numerator is divided, or its denomina- 
tor multiplied, by that quantity. 



Let the fracti<wi be -t-s this (Art. 76) ia the prodact 

which aritiBB from multiplying the fraction r'hj n; if, 

thereforei this product be divided by one of the factors », 

the quotient will be the other factor ^: hence, -r-x-n 
a 

Again, let t be the fraction, and x its value, so that 

T^x: if the denominator be multiplied by n, the frac- 
o 

tion becomes —r» but to divide by a product is the same 
no 

as to divide by its factors in succession, therefore 
-^= (a^b)-^n: now, a-s-i = 7 = «, therefore (a -1- b) 

-i-»=:— , that is, -1- = -* or the multiplication of the 
n no n 

denominator divides the value o£ the fraction. 

78. III. If the terms of a fraction be multiplied 
or divided by the same quantity, the value of the 
fraction is not changed. 

-Let -r 1>^ ^e fraction, and x its value, so that -j-:=:x: 
■ o o 

then, if the numerator be multiplied by n, the fraction 

cm 
will become -j-zznx (Art. 76) ; and if the denominator of 

ctn 
this new fraction be multiplied by », we shall have x-=x 

on 

(Art. 77) J but «s r> therefore r-= r.» 
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on 
Again^ let 7- be the fraction, and x its value^ so that 

aft 

7— = AT.' then, if the denominator be divided by »« the 

on 

an 
fraction will become -j-zsnx (Art. 76) ; and if the nume- 

a 

rator of this new fraction be divided by n^ we get -rzzx 

(Art. 77); but xzz-r-y therefore t = 7-- 
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Pbob. I. To reduce aJrcLction to its lowest terms. 

RUIiE. 

79. Find the highest common divisor of the 
terms (Art. 62), and divide Ijoth terms by it.* 

It follows from the nature of the highest common dl- 
visor, that when both terms' of a fraction are divided by 
it, they are rendered prime to one another, and the firac- 
tion is therefore irreducible: the reduced fraction is of the 
same value as the original one by Art. 78. 

EXAMPLES. 

' 4a*6 
1. Reduce r^nr to its lowest terms. 

It is plain, by inspection, that 4a^ is the highest divisor 
of both terms: dividing, we have 

4 A 4a<^ / b 
Jl2a^x\3ax^ 



* Or, find hy inspection any common dirisor of the terms, and 
divide them both by it; the fraction is thus reduced to lower termi: 
repeat the process till no common divisor of the terms can be found, 
and the fraction will then be in ita hvoesi terms. 
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2. Reduce -- , r to its lowest terms. 

Here 8 or* is the highest divisor of both terms; dividing 

by this quantity, we find -r^ for the fraction in its sim- 
plest form. 

3. Reduce p , ~ , ^ to its simplest form. 
ar+2(ix+ar '^ 

Here a+x will obviously divide both terms: dividing, 
we have ^_j. 



a+x 



which is not capable of farther reduction. 



2x^ l6x 6 

4. Reduce the fraction ^-5 — ^ to its lowest terms. 

Here, since 16 and 6 are the doubles, and 24 and 9 the 
triples of 8 and 3, it is plain that 

2x^—163?— 6 _ 2 .x^—Bx—3^ _ 2 
3x5— 24x— 9 "" 3 V— 8a?— 3^ "" 3 ' 



- T, . 15x'+35xg+3x+7 ^ ., , ^ ^ 

5. Reduce n^ ^ , c^m — 77r~i — 7:^ *o its lowest terms. 
27 x*+ o3 or — 12 «* — 28 x 

The highest common divisor must, in this case, be found 
by Art. 62. The work is as follows: 

27x*+63x»— 12x2— 28a? 
5 

15x'+35x8+3x+7)135x*+315x»— 60x«— 140x(9x 

135x*+315x'+27x«+ 63x 

—87x2— 203x 

Dividing this remcunder by — 29« we get 3«4.7; then 



3a?+7)15a:»+35««+3a:+7(6««+l 

3x+7 
3st+7 



Whence ilie last divisor, 3 a; -{-7, is the highest common 
compound divisor; then^ dividing both terms -of the ori- 
ginal fraction by this, we obtain, for the reduced fraction, 

9 a?* — Ax* 



EXAMPI^ES FOR FBACTICE. 
FiactioDS to be redaced. Answers. 

^- ^ • eb' 

bde € 

^ fdb • /• 

o" 1 

*' ^ a' 

^' 3C:p • a—b' 

^' «2_6w+9 «— 3' 

^' 12a»ar»^ ' ' 3a5* 

le^c^a?' ^ be 

* 20aa?*c« 5 "oar' 

'3&I?— co; ***** * 36— c' 



&2 



20. 



21. 



22. 



23. 



24. 



to - 

»— 1 

^g-2i»+l ;^j^' 

9ay»y 4- ii- 

_ <r — a* -j-T — • 

12- rfllF *+* 

(a — #7 



1^ i-M-^??+^q^ ^+^'+^+^ 



1^- — oTZSrirZi — 36+« 



14a «— 7oft ^. 

1^ lOoe— 5fe ^"^ 

ifS 2j^ ** 

^^' ««_4«+4 «— ^' 

^^- — 1-=^ ~l+« 

5fl*+5aa r ^<» 

a* — a* a — x' 

a^+2x — 3 X — ;l 

iK*+6x + 6 «+^' 

g»— 39ar+70 a*— 7a?+10 
a*— 3a? — 70 « 10 * 

3a» — 3g*^+fly — y 3a^+i^ 

4tf* — 6064-6^ :*•• 4 a 6' 

1 a*yc» — 15 g *-*-^ yc» 26 3ac 

20a*+*6*c* — ^arl^if 4a«6* 1' 
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II. To reduce an integer to the form of a fraction 
having a given denominator. 

RULE. 

80. Multiply the integer by the given deno- 
minator, and under the product taken as a nu- 
merator set that denominator. 

This is merely performing a process, and indicating its 
reverse; and therefore the value of the quantity is not 
changed. 

EXAMPLES. 

1. Reduce 5 to the form of a fraction with the deno- 
minator 7. ' 

Here 5 x 7 = 36 ; and indicating the division by 7, we 
have 35 

T 

for the required form. 

2. Express a by a fraction whose denominator shall 
be b — X. 

Here ay(,{b — x)=:ab — ax; and putting 5— a? for a 
divisor, the fraction is 

ab — ax a(b — x) 

-7 , or -\ -. 

b — X b — X 



3. Express x — 3 by a fraction having the same deno- 

6a 
minator as . 

Multiplying x — 3 by »+y, and then indicating the di- 
vision by n 4-^9 ve get for the required form 

a?(«+y) — 3(n-{-^) wa?+n y — Zn — 3y 

— J or : • 

n + y n+y 
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SXAMFIiS8. ANSWERS. 

1. £xpres8 a as a fraction with the denominator 1. j • 

21 

2 3 with the denomiliator 7 •.• -rr- 

• 7 

bae 

3 X -=-, 

o 

4. a-— a; • (ZA»x ... • 

5 I2a-x Sy- ^^pf. 

6 11 9 ^. 

2a8— 3a+l 



7 2a— \ ,.•••. a^\ 



a—\ 



8 X — 2 unity ..... — -— . 

9 V^a: a --51-. 

a 

^^ ^^ ' ^^7^ •••••' -W' 

h (a-xY 

(a — a?)*'* (a— a?)** 



11 {a—xf of 



HI. To reduce an improper fraction to an integral or 

mixed quantity. 

RULE. 

81. Divide the namerator by the denominator, 
and if there be a remainder, annex it as in 
division (Art. 43). 
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EXAMPLES. 

1. Express ^ as an integral or mixed quan- 

go 

tity. 

Dividing the terms of the numerator by 2a)4ax — 6a* 
the denominator^ we obtain in this case g^, g^' 

an integral quantity. 

2. Reduce j« to an integer or to a 

mixed quantity. 

Performing tiie actual division, 4 &*) 8 Mp-^ 4 oi^— 3a^b 

we obtain 2x-^a, with a re- 7 3a*b 

mainder of — 3a*6; this re- *** 46* 

mainder, with the divisor sub- or 

scribed, is then reduced. Oy „ ^^ 

46 

EXAMPLES FOB PBACTICE. 
Fractions to be reduced. Answers. 

^' ^a—x »(a+«). 

2. ^(8c»+6c+6) *''+2+^- 

3. ^(6J«»— 9aft+21) 26a!— 3o+|. 

4. -— — 7— a + ^ + i- 

5. -^ — , , •• oJ*— a6'a;+aA*a!'— a6«*+aa;*— 7-^. 

6. -^ («»-y*+«*-2y«) .. a*+a!y+y«+«+y_. J^. 

l,^6«^fl(l~6) . ,, 

7. Yllh — 1+0— a. 

H 
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Fractioiis to be reduced. AMswBmt. 

lOa^^6x+3 ^^^ 2«_l+i.. 

5a: '"* * 6x' 

IV. 7\> reduce jracHom having different denominators to 
equivalent firactions having a common denominator, 

BULE. 

82. Multiply both terms of each fraction by 
all the denominators except its own. 

Since both terms of each fraction are multiplied by the 
same quantity, the new fractions are respectively equal 
(Art. 78) to the original ones : they must all have the 
same denominator, because each denominator is the pro- 
duct of the same factors (Art. 66), 

EXAMPLES. 

ace 
1. Reduce -^, ^, -z,y to fractions having a common 

denominator. 

Here, multiplying both terms of -r by J and fj -r = t-^ 



c 



both terms of -^ by ^ and f^ and both terms ^ ^j^r 

of -^ by 3 and dy we have the three results 

^ e ehd 

equal to the three original fractions respec- •> =: t-^ 

tively. 

2. Ileduce a, -—^ — , 6, to fractions having a common 

46 
denominator. 



Here, redudng a.and6 to fradaons baving the denominator 
4 h (Art. 80)> we find fbr the three fractions . . 

\ah 3a-^l 24 ft 
4ft* 4ft ' 4ft' 

83. The proeess of finding the common denominator 
may be much simplified, when the fractions are such that 
the denominators have a common multiple less than their 
continued product. 

Find die least common multiple of the 
denominators (Art. 59), and multiply both terms 
of each fraction by the quotient of the common 
multiple and the denominator of that fraction. 

EXAMFLBS.^ 

1. Let it be required to reduce the fractions 

a h c d 
px qx Ty 'sy 
to equivalent fractions having a common denominator* 

Here the least common multiple of the denominators i^ 
pgraxy^ and this divided by the denominators in succes- 
sion^ gives the quotients 

grsyy prsyy pqsXy pqrx; 

whence, multiplying both terms by these quotients re- 
spectively, we obtain for the f educed fractions 

aqrsy l^sy cpqsx dpqrx 
pqrsxy pqrsxy pqfsxy pqrsxy 

With respect to the reason of this, it is plain that, by 
using the teast common multiple instead of the continued 
product, those factors are omitted which would be com- 
mon to both terms of all the reduced fractions ; and that 
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divisi<» of the commoa multipk hj oaeh deoofminatory 
and the moltiplioation of botb terms hy the quotient, will 
reproduce the oommon multiple each time for a deno- 
minator. 

2. Reduce ^r-i» ^ ^ to a common denominator. 

Here thd leatl oommoa multiple is I2bd; and I2bdt di- 
vided by each of the denominators, gives d, 4d^ 26.* when 

both terms are multiplied by these, we find jkt;^ T^h^ 

T^rrj9 for the reduced fractions. In most cases, however, 
i2oa 

we can at once discover by inspection the quantity by 

which both terms are to be multiplied. 

EZAMFUa VOB FBACTICE. 

Fractions to b^^xodiioed. Akswbrs. 

^ a c €td be 

*• r 1 u bd' 

n 4a Sc 4a \6cd 

• 94? 36 •"" 96? ^W* 

Q a c a he 

' hS d 6? hdt 

. a b a 4b 

Iff 4 16* 16' 



6. ?f - if 9q^ 15gy lOax 

5 a 3y 15 ay 15a^ 15 ay' 

g ^5a 3x 6a 9bx 

' 126' T 126' 126" 

a 6 aq bp 



7. 



px qx pqx pqx 
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Fractions to be redaced. Ansvehs. 

g 3a _e^ Bab c 

• W 45« * 4^*' W 

9. ^^+^ 3fl— 1 2a?+l 3fly— 6« 

i^x X h^x b^x 

10 ^ — — — ?^ ^^^ 

5^' 3a?' 2y * * 6ay' 6ay' S^ 

^ 3 m 3m 3m 3m 



15. 



a — 1 c d 4o* — 4 a 5ca: rf 

hx 4a 4abx 4.abx ' 4abx^ 4abx 



ax 3 ay ax \2acy 

^^' 83? 2b 83^' "86r* 

0? y z x{a — b) y{a+b) z . 

^ a+b' a—V 55Il6« ••• o«— ft« ' o«— 5«' o«— 6*' 



6g— 3 3y 6a— 3 3a?y 

^ax 6a 6ax * Sax' 



ifi - g — X 3(a+j) 5a(a+x) 6 (a — x) 

^' 5' ^' a + x 5{a+xy 5{a+x)' 5(a + xy 

^ a ^ ex 3ax 6bxy +3cy 2^y 

^^' 2^'^+2i' 3 6^* '^e^^' 6^' 

p — q X p — q ax — nx 

a* — «* a+» * o* — w* a* — w*^ * 

5 b—l 5b+6 6o6+6a 6b— 6 

19. g> a, jqji gj^p^, "FJ+6"' 63+6- 

a 0? aA'X a-^x 1 

20. ^ — ', ,J ,. > ^h— , -• 

a; ar(a* — «*) a + a? a— ar 

(a+x).(a— «)* g+j x[a—xf ar(a+3?) 

H2 
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y. To add fractions. 

BULE* 

84. Reduce the fractions, if necessary, to equi- 
valent ones having a common denominator; add 
the numerators, and under their sum place the 
common denominator. 

EXAMPLE. 

Let it be required to add the fractions 

-T ana -;• 
o d 

Reduciilg them to a common denominator (Art. 82), we 

^nd ad ^ he 

hd ^^ hd' 
then 

od be ^ ad+bc 

Here ad and he are both divided by the same divisor, bd; 
and since, by the nature of division, the sum of the quo- 
tients of any quantities by the same divisor, is equal to 
the quotient of the sum of those quantities by that di- 
visor; and since also the reduced fractions are (Art. 78) 
equivalent to the original ones, it follows that 

a c ^<*d he ad'\'bc 
b^d^bd'^bd'^^'W 

Hence fractions cannot be incorporated, unless they have 
the same denominator^ they q^ only be Combined by 
means of their signs. 

EXAMTLE8 FOK FRACTICE. 
Fxaotions to be added* Answers. 
0? a a+x 

^' 6 + ^ • IT' 
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Ffaetiona to b^ added. Answbks. 

^3 + 4 12- 

a 3a 7 a 

'^^ b'^Th • 4'?' 

4» ■"" "T" "~ •••••••••••••••••••••••••••••••••••••••••• ■' '. 

n ' m mn 

5. i(a+ft)+i(a— 6) a. 

^ a+a? _ a—a? 2(a*+a:«) 

O. + r— ••••••••••• •••••••••• 5 r— - 

a — X • a^x a* — jt 

7 -L.+_iL J__ 

6 + 0! i— -» 36 — a; 

~6F+ 3a "6^* 

9. i«+ix+i« ^ar. 

10 " I ** . . '^ 

^^- ^ + 5 + ^ ^(6c+ac+a«). 

12. i(2a.+l)+J(4a+2)+|a ^^^^"qJ'^I 

5i^+6 4^+26 37a!'+116 
^^* 36 + 66 15?^ 

14. \{a — 3a;)+^(3a — 5x)+^(3<i — 5x)... <i^2a;. 
^^' * + P + iS i« 
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F|ractioiif to b« added. Akswbks. 

^^* io"*'io*'**To» 10» 

17 _l_+_?±^_ J_ 

^'- 3(1— a?)^3(l+a?+«*) 1— «** 

18 ^ , ^-^ -L 

3(l+x)^3(l_a?+««) !+«•' 

^ 3 + d(c+(iir) 7+dx 

20. Find the sum of ^> ^> ^» by substitution in Ex. 11. 

21. Find the sum of i» \y ^y by substitution in Ex. 1 1. 



YI. To subtract Jractians. 

BULE. 

65. Reduce the fractions, if necessary, to equi* 
valent ones having a common denominator, and 
under the difference of the numerators place the 
common denominator. 

Let it be required to find the difference of -r and -3 • 

Reducing them to the same denominator, we have 

ad .be 

then 

ad be ad — be 

bd~bd^ bd • 

> 

The reason of the rule may be explained in the same 
manner as that of addition. 
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Fractions to be subtracted. Answebs. 

, 5« 3y 5a? — Soy 

*■ • Mm" "^~ Mm ••••••••••••••••••■•••••••••»••••>•• " I - 

7a 7 7a 

a+6 O'^b 
^' "2 2~ ^* 



3d? 5a; 1 

T ~H 14 



4a; 3a; 1 

5 T 20 



5. ^P+?_-Pzi? 4/?y 

-p— s' -P + s' p^—^' 

6. ^ — ^ _ ^ 1— 2n 

7 _1 1_ 2b 

a — b a+b a« Jf 

4a 4o — as a; 

^- T — r~ • 6- 

7« 2»+l 17«— 2 

^v -2 — 3~ — r~- 

10. _i 2_ x-l__ J^ 

1 — X 1 — «* 1 a^s — i+;c* 

il _1 L- 3 

X — 2 a; — S a:* — 7a;+10* 

12 _J L 1 

x—6 X — 5 " «»— ll«+30' 
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VII. To reduce a mixed quantity to a fractiatMl form. 

RULE. 

^6« Reduce the integral part to a fractioD, 
having the same denominator as the fractional 
part (Art. 80); and under the sum or difference of 
the numerators^ put the common denominator. 

The reason is obvious from Art. 84^ 85. 

EXAMPLES. 

1. Reduce a=lz - to a fractional form. 

c ^ 

Multiplying the integral part> a, by the de- a+~~ 

nominator^ e, and adding or subtracting b ac'^^b 
according to the sign, we get etc dob; then c 

writing e under this as a divisor, the result a— ~ 

. €U!z±zb ac — b 
IS . 

c c 

If c 

2. Reduce a -j- to a fractional form. 

a 

Here> after multiplying, the compound nu- a ^^^ 

merator ft— c must be subtracted (Art. 33). ad — (ft — c) 

T 

ad-^b+c 
d 

EXAMPLES FOR FBACTICE*^ 

Qaantities to be reduced. Answess. 

1 * ^ ^^— ^ 

b 
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Quantities to be reduced. Amswebs. 

2 « 7 — <^0+^«* !-«• 

«+7 a+7 

3. 3b+i^ 19^-6. 

o 5 

4. 5ar-2y*+ i^2i=^ 1£^^_^. 

5. 7_l£±^ 31 g— 3 

5x 6x 

_ , 2*— a« l_2a: 

^- ^-^ 1+^ -1+^- 

8. 1+^-^+^ btl. 

X X 

l^-^t^ 2 2 

^"^ ^— y b—y 

10. 2«— — ar ~ar. 

12 12 

a?«_y«_5 5 

11. ar-— V -^^ , 

^^ 1 

13. l+a?+ -^_ — !-. 

1 — X 1 — a; 

14- l+«+a;«+-^ = . 

' ' ' 1 X 1 X 
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Qoantitiei to be redaeed. AvfWBms. 

15. a+x—^{a—x) f(a+2ar). 

16. m — X — =-- — — -• 

m — X «» — X 

17. a-i i(a«-l). 

a « 

18. a—l{a—x) i(a+3«). 

19. 5aa?— 3^ ■• — -^ ^ 0. 



V1IL To mvUiply fircusHons. 

BULE. 

87. Multiply the numerators together for a 
numerator, and the denominators for a denomi-. 
nator. 

» 

A fraction may be multiplied by an integer, either by 
expressing the integer as a fraction (Arii 80), and apply- 
ing the above rule, or by appljdng Art. 76. 

Let it be required to multiply £ by ~. 

b a 

First, multiply -r by c, and the product is -r (Art. 76): 

but this multiplier, c, is too large by d^ therefore the 

ac 
product -^ is too large by d; it must therefore be divided 

by df that is, the denominator must be multiplied by d 

(Art. 77), which gives f^ for the product of the two 

fractions. 
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The process may often be shortened by suppressing, 
while performing the multiplication, those factors which 
are common to the numerator and denominator; as this 
is, in fact, anticipating the reduction of the resulting frac- 
tion to its lowest terms.* 



1 



EXAMPLES. 

3a , 2x 



. Multiply ^ by 3^. 



3a 2x 6ar ax 



4b^ 3y^ \2by'^ 2hy' 

The same result will be at once obtained by suppressing 
the factors 3 and 2, which are common to both terms : 
thus, 3y(,2y,ax ax 

3x4x«y '^2hy 

2. Multiply together the fractions — -, — , ;r-- 

6p y Ita 

Here, multiplying the three numerators continually toge- 
ther, and also the three denominators, and at the same 
time suppressing the common factors 2 a and 3, we obtain 

hnx 

3. Multiply jII^ by 3b. 



* The reason of the rule may be shown otherwise thus: let 
c 



~ = r, — =y; then, by the nature of division, as=5x, c=di^; there- 



. ac . o. 

fore (Art 29) ac=bdxy. Hence (Art. 30) r5 = »y; *>"* *'^y 

J, = J, therefore ^=-X^. 
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Here, the denoamnator is dnrisiUe by the int^er, there- 
fore (Art. 76) the product is 

which is irreducible. If we had multiplied the numerator, 
we should have had 9qft 

T2fe' 

which, being reducedi is 3 a 

\x 

If 36 be expressed as a fraction (Art. 80), we have 

3a 3& 9a6 _3a 
Vlhx^ 1 ""12fta:""4a:' 

which is the same as multiplying the numerator by the 
integer. 

Sk S^ S^ ^M^ /jS 

4. Multiply — 3 + 4 + g + 2 "*" 8 ^Y ^^^^^^ ^^^^ 
mon multiple of the denominators. 

The least common multiple is plainly 24 : multiplying the 
numerators by this number, and performing the actual 
division by the denonunators (Art. 81), we obtain 

8^4-6Ar4-4a;-|- \2x^Zx = ZZx. 

EXAICPLES FOB PRACTICE. 

Fractions to be multiplied. Answers. 

a 2a« a? 

^' 6 ^ T W 

^ h X a ahx 

2. -X-X- — . 

c n y eny 

. 2« 4a;« ^ 24a?* 24 «* 

o oa 25 a 25 a 
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Fractions to be moItipUed. ANtwBRi. 

^ a — X 3x — I 3x{a — x) — a+x 

*— y 4a 4o(iIIy) 

« 2 3. I 

«• i^^^i* §«*• 

°* i— 4^ 2a •• -2^- 

a*— y g 1 
^' ~T~^a"+3*<J=? ^• 

& gg^X ^^ ^1=} 

y. "X"**"^" *• — 4~- 

a*-.J«><a + i -"• (S+ft5i- 

* 4a— 2 ^ bf+i^^ 4«_a« " 2(i*\-.;t«") 
12. (a+i)x(a-i) g«_^. 

»3- «-^xS 1. 

14. (2a-.i) + (2a-l) 4a«_a + ^. 

a;*— 9a;+20 _ a:«— 13ag+42 a;*- ll»+28 
'**• a*-.6x ^ a*—Sx' ]? 



• 



16. (4^+«)X(3^-2*) _+^_2ft». 
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Fnu^tions to be multiplied. AnsirBms* 

17. (~3a)x(|— 6a) ?— 4a+18a^ 

^^' a*+2«+l^a*+7ar+12 «+3' 

19. bx\ 1- 

2^- ^><(^-*> iifc- 

21. ^«Xll 3^ 

22. |«urx3c 2acar. 

23. ^oX4 2a, 

3 

24. 4aa:X T^ 3a6a:. 

4 

1 1 

26. g«x4 " "• 2** 

26. 2=lx(» + l) «— 1. 

o^ 2«^ - 2£y 

^' IS;^^^"" 3nx 

28. ^X4a '. 5&C. 

4a 
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Fractioiu to be maltiplied. Aniwbbs. 

30. (^a-f 764-^c) X least common multiple of the 
denominators. Am. 10a-|-55-|-4c. 

multiple of the denominators. Ans, 7x. 



MM ^r I 

32. (7 + g+^) X least common multiple of the de- 
nominators. Ans. 4 lor. 

IX. To divide by a fraetion. 

88. Invert the divisor, and proceed as in mul- 
tiplication.* 

A fraction may be divided by an integer, ^ther by ex- 
pressing the integer as a fraction (Art. 80), and applying 
the above rule, or by applying Art. 77. 

Let it be required to divide x" by -j * 

First, divide r by c, and the quotient is ?- (Art. 77); 



* If both divisor and dividend be fractions, and if each term 
of the divisor measure the corresponding term of the dividend, the 
quotient may be obtained by diyiding the numerator and denomi- 
nator of the dividend by the numerator and denominator of the 
divisor, respec^ely. This rule is, however, so aeldoni applicable, 
that it is of no practical utility. It may be proved in the same man- 
ner as the rule in Art. 87. v 

12 
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but this divisor is d times too large» therefore the qu&* 
tient -jT- 18 d times too small: it must, therefore, be mui- 

tiplied by d, which gives t-. Now "Ti= r X -> or t 
multiplied by the divisor inverted.* 
-8d. Cor. Hence, unity divided by a fraction is the 

same as that fraction inverted; for 1 -^ 7- =: 1 X - = -• 

o a a 

90.' Def. Unity divided by any quantity is called the 

reciprocal of that quantity: thus ~ is the reciprocal of x, 

and - is the reciprocal of t-* Since an integral quantity 

may be considered as a fraction whose denominator is 1, 
the reciprocal of any quantity, integral as well as frac- 
tional, may be considered as that quantity inverted. 

91* Cor. Hence, to divide by any quantity is the same 
as to multiply by its reciprocal, and vice vers<u 



EXAMPLES. 

1. Divide ri ^Y o"* 

Here inverting the divisor, and multiplying, we have 

3a 3c ^ 9ac 
56^2x""T0ai" 



• Otherwise thus: let x-ssar, -rssy; th^n, by the nature of di« 

> a 

▼iston, a =s &r, c ssdyj therefore (Art. 29) adssbdg, bcssbd^. Also, 

ad^^hdx , a ^. c 
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2, Divide ^^ by 36. 

Here, dividing the numerator by 36 (Art. 77) we have, 

3g 
lOcd 

K 36 be expressed as a fraction, we shall have 

9a6 36_ 9a6 1 _ 9a6 _ 3a 
lOcd"^ 1 ""10cd^36""306cd~10ai' 

which IS the same as applying the second part of the Prop. 
in Art. 77. 

3. Divide a by a? + -. 

Reducing these to a fractional form (Art. 86), and divid ^ 
ing, we have 

ac — 6 xy'\'d (ac — b)p 

~c ^ y "" (xf/+d)c 

EXAMPLES FOB PBACTICE. 

Fractions to be divided. Answers. 

4ar 9aj 8 

^' 5 ^10 9" 

2. J__^_L_ ^—9 

m+q ' m — q * *'*+.fi^* 

3. an-' ••••• T-«c. 

c o 

4. 1-T-- a. 

a 

n* — 9 »+3 , o\/ i\ 

«• ^Za ^^czfep («-3)(»-0. 
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Fractions to be divided. Answers. 

6. 3«-^-T— - "T^- 

5a? 4a* 

7 i-i-i" 

Q <* ^ 4 

®- iH^-^i i=^" 

9. a -i-~ « • 

a 

■«• l.-5» •• 

,,11 11 

^'- 10'^2'' : 6'x' 

12. 4-5-1 a. 

a 

13. i-^-.lO 4 

do; 50 

14 fl+^ . fl— ft g+ft 

2 • 2 a— 6* 

15 ^'+ft* ^ q— ft o^ft* 
a«— 6« * a+& a«— 2aA+A" 

16* a?»+3g+2 , a?«+5g+4 a?«+5ar4-6 

««+2a:+l • a?«+7ar+12 - ar«+2"S+l* 

a 

17. 1 ?.«. 

3 
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Fractionff to be divided. Answers. 

18. — • • M*«** xy. 

y 

m 

19. - ^. 

P ^P . 

9 

I + x 

20. a?. 

X 

1 

21. — X. 

X 

\+x 

22. «. 

^' — 1 ^r 

1 

24. a: 

1 *; • 

1 + i l+« 



a 
25. ■ • ' ••«...•• ad 

€m 
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Ffactions to be divided. Ambweks, 

1 

26. -^±^ I. 

1 '- 

l+x 

1 ■ ^ 

l+x^ 1— « 

27. — 1. 

_1 x_ 

1 — X l-fo; 

a b 



a+b a — b 

28. — L 1. 

a b 

a — b a-f 6 

a? — 4 

29. ^ ^(2a:-8). 

^2 

30. L ^±« 

2 , 8^+3 

3 ^4 

31. ♦ <df+e) 

b+,11— {bd+c)f+be 



* The most eMy way of working this example, it to substitute 
d-^'- IB place of d, in example 25. 
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Fractioos to be divided. Ambwbe*. 

32. 7— 1±£. 

, ,_1 1+2* 

T f 

X 

33 2 • c "* 

^^- 5^^^« 5^- 

^- 3-^ J^- 

36. —-5 -5-»_3 --|--. 

0+3 a+3 

37. l! ' 

4d 8 

2 
OQ 3 la 

4bx 6 6 

39. Ii«*ar-h3a: J«*. 

1 

ft X ' 1 

40. -J_. 

ft + o; **-^ 

^^- 2-« 2^^ 

«• |«-3ft rs- 
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Fractions to be divided. Answers. 

7 



43. 2jfl-s-3a 



9 



2.7 1 

44. — -7- 4^ 



3a ' " 6a6* 

45. Divide a by its reciprocal. 

46. Divide a/x by its reciprocal. 

47. Divide a — x by its reciprocal. 

48. Divide ^ by its reciprocal. 

c 

49. Divide — by its reciprocal. 

a 



SECTION in. — RESOLUTION OF FRACTIONS INTO 

INFINITE SERIES. 

Art. 92. It has been already remarked, that a fraction 
indicates a division which cannot be actually performed : 
but, when an algebraic fraction has a compound denomina- 
tor, whether the numerator be simple or compound, an at- 
tempt to effect the division indicated will always give rise, 
not to a complete quotient, or one that can be expressed 
in a finite number of terms, but to a series of terms which 
may be continued without limit. Thus the fraction 

X 



a+6' 

by actual division of the numerator by the denominator, 
will give an infinite series for quotient : 
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a+b]x ( i + -3 T^C 

/ ^^Va a^ a" a* 

a?H — 
a 



bx 


■ 


a 




bx 


b^x 


a 


a« 



l^x 



a* 








l^x 


+ 


a' 






ft^ar 






a^ 








&»« 


&*a: 




a^ 




a* 






b'^x 


&c. 



The remainder will never disappear, and consequently 
a complete quotient can never be found. The law which 
the quotient follows is, however, obvious ; each successive 
term being found by multiplying the one before it by 

- , and the signs being alternately plus and mmi^. 

The process may be verified in the usual manner, by 
multiplying the divisor by any part of the quotient, and 
adding in the remainder at that part. Thus, in the above 
example, by multiplying the first four terms by a+6, and 

b'^x 
adding in the remainder --j-, the dividend x will be repro- 
duced. And the same would be found by taking any 
other number of terms, and adding the corresponding re- 
mainder. 

K 
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2; Diride x+a by «+&• • 

a^b (a—b)b . (o— &)&» 



a— A 

X 


x^ * ar 

1 
• 


X 

{a—b)b 

X 


(«_*)*« 

«* 


• 


(a_i)i» 

a* 
(o— *)*» . (a— *)y 




ar 



3- Divide 1 by l+x. 



l+ar)l (!—«+«*—«' &c. 
l+« 



X 






—07- 


-a:* 






«2 V 






ai'+x' 






^ar» 






-«»- 


-a:* 



xl* &c. 
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4. If the terms of the divisor, in the last exkinpler be 
reversed, a very different series will result: 



1 


• 


X 




I 1 




X ^ 




1 > 


- 


s^ 




a*^x» 




1 




• 3? 




1 


1 


«« ^ 


"*• 


• 


i&c. 



93. In Exunple 3, last Article, let arz= ^; then 



l+arTl+i"" |""4^ 3^9 27/ 81 243 

If we considCT only two terms of this series, the Sum will 

2 . * . - 1 

be -= , which is less thwi the. true sum by 7^5 three terms 

7 1 

make 7:, which differs from the true sum by ^r^; four 

y oo 

20 1 

terms make ^, which differs only by rtr«, &c. Hence, 

if the series were continued to infinity, the difibrence 
would disappear, and the sum would be just |. 
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In the series of the first Example, let a=6, 6=4, a7=:3; 
then 



o+6""lQ"" 2 3^9 27 

And, if the first two terms be taken, the sum is too small 

2 4 

by Y^; if three, it is too large by ^; and so on. At 

3 

last, therefore, the sum will be -r^> 



Again, in Example 3, last^Article, let x = 1 ; then 
^ = i = 1—1 + 1— I + 1 &c. to infinity. 



The sum of this infinite series is therefore — . The sum 

may, however, be found by connecting the remainder to 
any given number of terms of the quotient. This re- 
mainder is always r-pr* or -^ ; and, after one division, is 

negative; after two, positive ; after three, negative; and 
80 on. Hence, if we stop at one term, the sum is 

1 — o = o 5 ^^ ** *^^> ^^ ^^ ^ — ^ + o = o > ^^ *^ three, it is 

1_1 + 1_2 =1. if at four, it is 1—1 + 1—1 +*i = 1 
&c. If we stop any where at — 1, the series is 0, and 
the remainder + „ 5 if at +1, the series is 1, and the re- 

mainder — - : and from this it might be inferred that, if 
we went on to infinity, the sum would be found to be be- 
tween these two, and 1 ; that is, ^ . 
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94. Similar series sometimes arise inpivisionf thus, if 
the terms of the dividend of the first Example in Art. 43 
be arranged as under, and the arrangement be adhered to, 
the quotient will be an infinite series. See Npte^ p. 48. 

a+ar)2ar+««+a«(2*— -+^— ^ &c 



2(i«+2iE< 


a 



1? 
a * 



x* 



- — 5+o« &c. 



a« 



The remainders in the third case of Division, may also 

be expanded into series of tiie same kind; Thus, in Ex* 

2r^ ^ 

ample 5, — -t— may be so expanded. 

a_x)a2+««(a+«+2-+ 2-.+ 2^ &c. 
o* — aa? 






2aj« 

- 2a?» 
2;r»— — 
a 



2x» 

a 
2a!^ 2ar* 



&c. 



a* 



K2 
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The quotient is therefore interininabley whenever there 19 
Buch a remainder. See page 48. 

EZAfiiPIiES FOB FRACTieS.* 

1. Divide 1 by 1-^j;. 

Am. l+ar+«*+4f« &c- 
2 1 by *— 1. 

3. ......... a by a^^'x. 

Ans. 1 + -: 5 &c» 

a ^ a* or 

4. ......... a by l-)-:r. 

Ans. a(l — «+d:* — x* &c.) 

5 a by j:-|-1> 

^«.. «(--ii+p-ii&c.) 

6 a — X by 6 — x. * 

Ans g . (a—b)x (a—b)^ (a—b)x' 

7 j:+2 by x + 3. 

Ans. l_- + -_^+~_-&c. 

8. 4 by I— «. 

-4n*. 4(l+a+a*+a»&c.) 

9 I — 3x — 2:r' by 1 — 4a7. 

-4»*. l+a:+2««+2.4.ar'+2.4«.x*&c. 

10. What will - become, when x is changed into x-^-k. 

X 

Am. - —h. \ + h\ ^—wX &c. 
X x^ sr X* 



* TbeM should be illustrated with particular numbers, as in 
Art, 93. 
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CHAP. V POWERS. 



SECTION I. — INVOLUTION. 

Art. 95. Since (Art. 40) ^sia'^^ao, and also ~= 1, 

it follows that aP=z\. Hence, that power of any quan* 
tify, whose index is zero, is equal to unity. 

Again, since a^= 1, if we divide each of these equaU 
by a", we obtain (Art. 30) 

_ 1 



a°~*, or ar^zz—. 



Hence, any power with a negative index, is equal to the 
reciprocal of the same^ power unth a positive index. 

96. It follows from the last Article, and from Art. 29, 
91, that 





b b I b ba-^ 
a"a? X a* X a? ' 


and 






a'^b b ^ b \ b b 
X X X a* X ' a-"a: 



that is to say, that a quantity may be taken from the de- 
nominator into the numerator of a fraction, and from the 
numerator into the denominator, by changing the sign of 
its index. 

97. The square root may be expressed as a power, 
by using an index which, when added to itself, will 

give 4: this index must be ~; then aixa^=a*'^i = a^ 

zza : hence a^zz^a. In the same manner, since ^a x v^a 

X jya=azza\ and 3 + 2 + 3=l>we may represent the 
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cube root by the index -5 ; then aix«*Xo* = o*+i'^* = 

i 111 

a^=a. And, in general, ^az^a^ for a«xa«Xa» &c. 



to n terms = a«+-+- *«•'»* ""^ i^ a* = 0^=: a. Again, 
since a quantity is squared, when its index is doubled, and 
since ^azu ah, it foUows that ^a^ = al; so that ai x ai x 

at = al+l+l=s<i*=a*. In like manner, ^a^zza^'x for 
«' X ff* X «* X «^ = a*+*+i"H 22 o V = ^. And, in general, 

^d^zzany for a«xo*X*" &c. to II terms =: an"r«Tn 

fte. to n teRM ^ a T = a*" J the »th root of a" l^eing such, 
that it produces oT when repeated n times as a factor. 

P&OB. I. To rau0 a quantity to any poufer. 

BUXiS. 

98« Multiply the qaantitj continccEtlljr by itself, 
uDtil it has been used as a factor ad iQany times 
as there are units in the index of the required 
power. 

The reason of the rule is manifest firokn the nature of 
powers (Art. 14), involution being merely a succession 
of multiplications. 

EXAlfPIiES. 

1. Raise — a^b^T^ to the third power. 

By continual multiplication, we have 

— o'^V X — ^'*V x — aWaf* = — a^iVs. 

2. Involve 4ai6^ to the second power. • 
Here 4a*Wx4a*6»=il6a*f =? I6a^**. 

3. Rai^e j-j to the fourth power. 
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Multiplying continually, we have 

3a' 3a^ 3a^ 3a« 81a» . 
4xi^ 4a?»^ 4^^ 4a?i^266««' 

4. Involve a+b to the third power. 

Multiplying a+b hy itself, and the product a^+2€^+b^ 
again by a+b, we obtain 

a'+3a«6+3a6*+6' 

for the required power. 

99* Cor. I. Hence, a quantity may be raised to any 
power, by multiplying its index by the index of the power ; 
that is, (a-)"=:a-". 

For the continued product of a*" into itself n times, is 
found by adding the index m (Art. 36) as often as there 
are units in n; that is, multiplying m by n» 

100. Cor, II. Hence, also, any power of a product is 
equal to the product of the same powers of its factors, 
that is, (a6)"=za"6"; for (ab)*'=zabxabxab &c. to 
n terms =0x0x0 &c. to n terms X ^ X ^ X ^ &c. to 
n terms (Art. 64, 11) = a*'b\ 

101. Cor, in. Hence, also, it follows, that, when the 
quantity to be involved is negative, all the even powers 
will be positive, and all the odd powers negative. 

102. According to the preceding rule, the successive 
powers of the binomial a4*&> found by continual multi- 
plication, will be as follows : 

(a+6)« = a«+2a6+6«. 
(a+6)»= a'+3a*6+3a6«+ft^. 
(a+by = a*+4a'6+6a«6«+4a5'+5^ 
(a+by zz a^ +5 a*b+lOa^b^+ 10 a^P + 5 ab'+b^. 
Ia+by = a^+6a^b+l5a*b^+20a^t^+l6a''b*+6ab^+b^' 
la+by=:a^+7a^b+2la'^b^+35a*b^+Z5a^b*+2la'^b^+ 
7ab^+b\ 



us powJtAs^-^nrvoLtpndir. 

From this table nfe may dt^ce the following infer- 
ences : , 

1« The index of a decreases, and that of b increases, 
by a unit in each successive term} so tliat |iie sum of the 
indices in each term is always equal' to the Index of the 
given power. Hence the letters .and indices,, in the re- 
spective powers of («+4)*, will/be. 

a«, a*b, a*b% a'^', dW, ab\ Ifi; 

or, expressing them so as to indicate the law now stated, 

a«, a^% a"6S a«-»J» (i/^h\ o^**, a!^b\* '■ 

Applying this law to (a+6)^°j the terms, wanting co- 
efiicients, will be 

a»S a^«-»ft, a^<^-^, a'^^b^ a'^^b*, a»*-*ft«, a"^^, a}^W, 

that is to say, 

a^ a% (^b% d!b\ a^b\ a^b\ ia'b\ M^ M\ ah\ b'\i 

and, in general, the terms of {fl'^b)\ without the coeffi- 
cient, will be 

a", 0^-% ar-^b^ ar^b\ aT^'b^ aTr^b^^ &c, ... oA""*, b\ 

2. The coefficient of the first term is always 1 ; and 
for the others, if we muljbiply the coefficient of any term 
by the index of a in that term, .and divide the product by 
the number of terms, the quotient will be the cQcfficient 
of the ne;ct term. Thus* in <he case of (a 4-ii)^ the 
coefficient of the Qecond term is. 6^ the index of a in 

that term b 5, the number of terms is 2; and —tt' = 1^> 



• Pdr«»-«6«ss«»*«?r6« (Art. ^5). In like manner, tht first 
^rm may be written aV. 



t 
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15x4 

B iiiannei:> 

= 20, the coefficient of the fourth term. 



the coefficient of the tiiird term. In like mannei:> 



Also, the coefficients of {a^Vf^ are 

1, 7, 21, 36, 35, 21, 7, 1; 
but 

7 1X7 .. 7x6 .21x5 _ 35x4 

7 = — p, 21=-2-, 35 = — ^, 35 = -^-, 

\, 35x3 ' 21x2 ,7x1 

Applying this law, We shall have, for the coefficients of 
the terms of (a+5)^?, 

1. L>^=10. 12>i9 = 45, ^=.120, 1^ 

= 210, 2i^=252, ?«^=210, ?l-«,><i = 120, 
o . . . o 7 

120x3 .. 46x2 ,- lOx 1 . . , 
-8—= 45, —^ = 10, -j^,= 1. 

Combining these with the terms of (a-t-&)'°» already 
given, we have 

(a + ^)w=;:aW + 10a9ft + 45aW+120a''i» + 210a6ft* + 
252a«i«+210a*56+120a»6^+45a*ft8+io^&^.^o. 

In the same manner, we may form the coeffiqients of 
the terms of (o + 5)** .• 

The coefficient of the first term is 1. 

The coefficient of the second term is -~ — = «. 

The coefficient of the third term is ;•... ^ ~ . 

Th6 coefficient of the fourth term is 

. n(n—X) n—2 n{n-^l)(n--2) 
2 ^3.2.3 
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The coefficient of the fifth term is 

n(n—l)(n—2) n—3 _n(n —l)(n—2)(n—3) 
2.3^4- 2.3.4' 

The coefficient of the sixth term is 

n(w— l)(n— 2)(n— 3)(»— 4) 
2 . 3 • 4 . 5 * 

Combining these with the terms of (a+b)% already 
given, we have 

(a+6)" = a»+na"-^6+ ^ ^ ' a"-'y+ ^ ^ ,3 

"^ '^+ — 2 .3.4^ + 2.3 

{n—3) (^— 4)^^5y^ g^c +«a*-» + 6\ 

4.5 

This is the celebrated binomial theorem, by means of 
which a binomial may be involved to any power without 
the trouble of continual multiplication.* 

103. If the second term, by of th^ binomial be negative, 
its even powers will be positive, and its odd powers 
negative (Art. 101); but the even terms of the expanded 
power contain the odd powers of 6, and therefore the 
powers of a being all positive, the odd terms of the powers 
of a — b will be positive, and the even terms negative. 
In other respects, the powers of (a — by will be the same 
as those of (a-)- 6)". 

* A general demonstration of the binomial theorem will be given 
in a treatise on the principles of the higher Algebra, which wiH be 
pablished as a sequel to this work* It is convenient to introduce 
the theorem here for practical purposes; and the above inductive 
proof is the less objectionable, as no subsequent demonstration is 
founded upon it, and as it seems to have been by a similar process 
that Newton himself inferred the generality of this important formula. 
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EXAMPLES. 



Ip Raise a -f^ to the twelfth power. 

Here 12 must be substituted for n, in the general formu- 
la; then the first and second terms are a^S and 12 a" 6. 
The others are as follows : 

The third term ^^^ a^^b"^- 66 a^^b\ 

The fourth term — ^^ a^^=:220a^^. 

220 V 9 

The fifth term f^ a^b* =: 496 a'b\ 

4 

The sixth term ^^^^a'b'zzld^a'bK 

o 

792 V 7 

The seventh term -^-f-a^b^zz: 924 a^b^ 

6 

924 V 6 
The eighth term ^-y^o^*'=792a**^ 

This latter coefficient, 792, is the same as that of the 

sixth term ; and, by carrying on the calculation, we should 

find the coefficients of the ninth and tenth terms the same 

as those of the fifth and fourth, &c. There must be 

thirteen terms, as there must be twelve powers of a, and 

one term besides which does not contain a. If we had 

continued the calculation of the coefficients, and attempted 

to find a fourteenth term, we should have had for the 

last factor of the numerator of the coefficient, n — 12 

= 12 — 12r:0; the whole term would therefore vanish, 

one factor being zero. The same would happen with 

every higher term, as n — 12 would be always a factor. 

If the index n were odd, the number of terms would be 

even, and the two middle terms would have the same 

coefficient. 

L 
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Hence, then, we have 

(a+*)i* = a«+12a^i*+66aW6«+220a»^+495a«6*+ 
792a' ft* + 924a6i« + 792a«ft' + 496tf*ft« + 220a»ft» + 
66aWo+12aft"+ft». 

2. Required the 6th power of 2a^ — 3y. 

In this ease we must put, for a, 6, and n, in the general 
formula, 2^:^, — 3y, and 6. Hence, 

The first term is (2«2)6--64ir»«. 

The second 6x(2x«)*X(— 3y) =— 576*»0y. 

The third 6x|x(2a:«)*X(— 3yy=2l60a?y. 

The fourth ... 15x|x(2a*)'x(—3y)' = — 4320 ar^^^ 

The fifth 20xix(2a:«)*X(— 3yy = 4860xy. 

The sixth 15xf X2aj«x(— 3yy = — 29l6aj«y^. 

The seventh 6xix(2a:*)°X(— 3y)«= 729y^. 

Combining these, we have 

(2ar2_3y)«zz 64a?«— 576a?'V+2l60a?«y«— 4320««/ + 
4860a?Y— 29l6a?V+729y^ 



3. It is required to expand . ..^ by the binomial 
theorem. 

Since (Art. 96) . ^^^ z= a?(a+ft)""*, we shall first ex- 
pand (a'\'b)''\ and then multiply all the terms by x. 
Here «z= — 2, therefore 

The first term is a~^ 

The second — 2a~^6. 

The third ~^^~^ a~*y=:3a~^ft^ 
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The fourth 3x^a-*6» = — 4a-*6». 

The fifth — 4x^o-*ft* = 5a-«6*. 

4 

When ft is negative^ it will not be destroyed by any of 

the numbers successively taken from it, as in the first 
example, therefore no factor of the coefiicient can ever 
become zero ; and hence the series will never terminate. 
This may also be shown by actual division ; for (Art. 92) 

(a-J-i)"', or - , may be expanded into an infinite 

series. 

We have therefore 

or (Art. 96) 

1 _ 1 2* 3*« 4^ 6b* 
(5+10* ""«*""«' a*~ a' '^ a^ ^^* 
Hence, 

X _x E^ i*! 1^ 1^' ({, . 

(a+6)«""a«^*~ a'^ a^^ a^+ a* ^'^ 

Precisely tbe same series would be found by dividing 
X by ef + 2cUf+l>^ (Art. 92). 

4. Raise a+6-|-c to the third power. 

Regarding a -|- 6 as a single term, we may express 
(a -f-i^-c)' under the form K^+&)+c]^; then 

The first term is (a+by = a^+SM+Sab^'+bK 

The second 3(a+ft)«c=:3a«c+6a&c+3^c. 

The third ^^(a+6)c«=3ac*+3^. 

3x1 
The fourth --~~c»=c*. 
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Therefore, 

{(a+b)+cY = (a+b + c)« z= a» + 3a«6 + 3ab^+ b'+ 
3a«c+6a^+3ft«c+aac*+3fc-+c»= (a+bf+S (u+byc 
+ 3(a+6y+c»; 

which latter form is the same as that of the cube of a 
binomial. 



EXAMPI«ES POB PBACTICE. 

Answbrs. 

1. Multiply 3a-* by 6a^ 15a«. 

2. Divide a' by cr* a'. 

6 b^ 

3. Express 6 a~* + ft*dr* with positive indices ... -g + -3- 

Cm X" 

ba^ 

4. Express -= — z without a denominator ...... ar^bxH/\ 

36^ 



5. Divide 126'ar-'by 45H»a^ -::^. 

6. Express aa?"^*~*^ as a fraction -;^^. 

7. Express — j^^ without a denominator 6«"^. 



8. Divide orS by* .,. -3;;-. 



^« 

9. Express ^ without a denominator 6ari. 

. 1 

10. Divide ar* by a? , "jTTg' 

i^ X 

11. Multiply i a-* by a" i- 

12. Raise — 2aW to the fourth power l6a"6'. 

13. Raise ^a^ to the sixth power V^a^^ 

14. Raise ^^(a+a:) to the sixth power ... a*+2a^+a;*. 

15. Raise 4 a^i to the nth power 4"a^"6". 
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16. Express ^(1 — x) (1 +3fi)-i. 2x with a positive index. 

. x{l—x) 

1/. Raise a — 6 to the 6th power. 

Ans. a«— 36a«+540a*— 4320a'+ 1 9440 o«— 48856a 
+48856. 

18. Raise 5-|^4a? to the 4th power. 

Ans. 625+2000ar+2400a?« + 1280ar'+256«r*. 

19* Raise l^x to the nth power. 

Ans. l+na?-f »-^a:'4-n. ^ To ^ ^ ••• *"• 

20. Expand -j-jL ^y ^^® binomiri theorem. 

21. Expand . , og Ts ^y the binomial theorem. 

. 1 ,, 66 2462 806' ^ . 
(T^ a ^ vr or ' 

22. Find the square of the sum of x and its reciprocal. 

Ans* a?*-j-— .^2. 

23. Express «-l with a positive index ... Ans. i/iqf* 

24. Raise x^-f"^^ ^^ ^^^ ^^ power. 

Ans. ario+15a?V'+90«y+270a?y+405«*3f«+243yo. 

25. Divide ^a? by a?. 

26. Raise jt' to the 4th power. 

27 t^x to the 4th power. 

1 
28. ...... -5 to the 5th power. 

29 5y^a to the 3d power. 

30 §a" to the 4th power. 

31 ^c^ to the 4th power. 

32 4a-'6' to the 3d power. 
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33. Raise — ^a' to the 2d power. 

34 — a^x^ to the 5th power. 

35. ., ^^a' to the 3d power. 

36 x"^ to the power 6. 

37 a^ft^c' to the power r. 

38. ...... t^x to the 2d power. 

39. Express ^a(\ — ar)"* with a positive index. 

40 4 a^x"^ — ab^x~^'{-hxr^ with positive indices. 

41 — -1 — 5 — without denominators. 

or ar X 

42. Find the cube of ^oT. 

43 cube of a — b, 

44 square of 2 a — y/b, 

45 square of 3 — 4iv/2« 

46 6th power of 307 -{-2y. 

47 9th power of a: — y. 

48. Expand t— — . 

'^ l-f-a? • 

49. Square x"^ — y*, both in this form and with positive 

indices. 

50. Expand ^-^-^.. 

51. Raise v^(a — b) to the 4th power. 

52 iv^(a 4-^) to the 5th power. 

53 ay+l to the nth power. 

54 l+x to the power whose index is n+\, 

55 14 — to the «th power. 

X 

56. Find the 2d, 3d, 4th, and 5th powers of a?+- . 

X 

57. Find the 3d, 4th, and 5th powers of 1 +x, by substi- 

tution in Example 19. 

58. Raise a — 1 to the 10th power. 

59 3x — 5 to the 3d power, 

60, ,„.,, a* — 2a?+l to the 3d power. 
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SECTION II. EVOLUTIOir. 

Prob. I. To extract any root of a simple quantity. 

BUX.E. 

Akt. 104. Find what is the quantity which, 
when raised to the corresponding power, will 
produce the given quantity. 

The reason of the rule is manifest from the nature of 
roots (Art. 15). 

EXAMPLES. 

1. Required the third root of Q^a^l^^. 

Here it is required to find of what quantity 64a^5^2 is 
the third power: the quantity is plainly 4a'6*, because 
(4a«d*)3 = 64ci«6« (Art. 98); therefore ^(64a6dw)=: 
4a«3*. 

2» Find the square root of «~*Wa?*. 
Since (a~^6iya;')' = a~^5*a?^, the required root is a~*A* 



a^ 



3. Find the cube root of — 27a6^-V. 

Here (— 3a«6-'ar5) x {—3a^b-^xl) X (— Sa^ft-^arl) = 
— 27a^6~®a?'; and the required root is therefore — 3a^ 
b-^xh 

4. Find the fourth root of the cube root of x. 

Here, since ^x^ix^^ the index of the required root must 
be such that, when it is added four times, it will pro« 
duce \x it must be -^^ therefore y^{\^x) = a: A— |J/a?. 
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105. Cor, I. Hence, any root of a given power is ex- 
tracted by dividing the index of the power by the index 

m M m m 

of the rooty or ^a"* =: o^; for a" x a* X <<" &c. to n terms 
= a~ = a*".* 

106. Car, ii. Hence also, any root of a product is 
equal to the product of the same root of each of its fac- 
tors; that is, jy(ab) =i il/ax ^^9 because each of these, 
by involution, produces the quantity ab. 

107. Cor, III. Hence, and from Art. 101, it follows, 
that the even roots of all positive quantities may be 
either positive or negative; and that the odd roots of 
positive quantities are positive, and those of negative 
quantities negative; that is to say, ^+a^ :±i^a^ 
*"+^+a = +'"V«'* and »"V— a = — *-+^a. But 
an even root of a negative quantity is not assignable by 
any process of evolution : for we know that (+a) X (+o} 
= +o*, and that ( — a) x ( — «) = +«*> and, therefore^ 
that i^a^ =d=a; but we know of no quantity which, 
multiplied by itself, will produce — a': and the same 
must hold whenever the index of the root is even : there- 
fore, y' — a is not assignable.f 



* From thif Corollary we might bftve derived the method of re- 
preienting roots m powers with fractional indices (Ait. 97); for 

M 

^oT^^a'^t the denominator expressing the root, and the numerator 
the power whose' root is taken. 

t Hence^ such expressions have been called trnpossiftfe, or tmagm- 
ory quantities. la certain easetf however, a real value can be m^ 
signed to them, but not bj ordinary evolution. 
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EXAMPLES FOR PBACTICE.* 

Quantities whoee roots are to be found. Answbas. 

1. ^(_8a«6«) — 2a«i», 

2. ^(9ar«6*) dtSxb^. 

3. ^{x^) :±a?". 

4. ^(a:*") ar*. 

5. (I6a»«)4 d=2a*. 

6. (:ri)i a;Vy. 

7. ^(ari6) ±ar«. 

8. ^(— 125a«6«) —5abK 

40* 2 a^ 

^" ^96* ~3'62' 

0. (ar^y^ dLix". 

1. (ar-i)-i x'^y 

2. ^/(v^y) ±^y. 

/ 32 a? V xj 2a?«y 

V243i«VV 3a56*' 

4. J^^xf x\ 

5. Vi^"^) ^• 

6. v^(5a*d-^a?*") ±a^b^x^^6. 

7. (_27a«6ijr3)J —Sa^x-K 

8. v^(ic*"-*-0 ±a:«+«. 

9. ^/(a+a?y =±:(a+ar)». 



20. I ,y a-46— ar.;. 

21. */^J^a aA=:!^a. 



• The ro6t ofthe literal part, in these Examples, is most readily 
found by Art. 105. 
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Qaantities whose roots are to be found. Answers. 

,, B^'^{a+by{2+x)-^^ 9d^(a+b) 

^ 32c^rf-'* 2ac(2+xy' 

23. KO-'l-* ■;~^ 

''*• ^ Sb'^c^ 2c»(a+a?)««" 



25. ^^:^^a a 



iT^ 



II. 7b extract the square root of a compound quantity. 



RULE. 



108. 1"^ Arrange the terms of the compound 
quantity according to the dimensions of some 
one letter, placing the highest power first, the 
next highest second, and so on ; 2^* find 
(Art. 104) the root of tlie first term, set it down 
as the first term of the required root, and sub- 
tract its square from the given quantity ; 3"^ take 
the quotient of the first term of the remainder by 
double the portion of the root already found, and 
set it down as the next term of the root, annex- 
ing it, at the same time, to the double of the 
part of the root already found; then multiply 
by it the compound quantity thus formed^ sub- 
tract the product from the former remainder, 
and repeat the process as often as may be re- 
quired. 
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Thus, to extract the square root of 2a^-f 6'+a' ; arrang- 
ing ( 1"*-) the terms according to the powers of a, we have (2° ) 
ay the square root of the first term, 

for the first part of the root ; sub- a*+ 2 ab-^-b^ (0+6 

tracting its square, the remainder a' 

is 2ah+l^y the quotient of the 2a+b)2Qb+b^ 
first term of which, by the double 2064*^^ 

of the root (3° ), is connected both 

to the divisor and root; then 

subtracting the product of the new divisor by this root, 
there is no remainder, and the root is complete. 

Again, to find the square root of a*+2ad-h6'+2r(a-^6) 
+ c*, we determine the first and second terms of the root 
as before ; we 

then repeat the a^+2ah+U^+2c{a+b)+c'^(a+b+c 
same process a^ 



upon the re- 2a'\'b)2ab+b'^-\'2c{a+b)+c^ 

mainder, divid- 2ab'\-'b^ 

ing by the dou- 2{a+b)-\'c) 2c(a+b)+c''^ 

ble of a + ft, as 2c(a-f-6)-f-c* 

we before di- 

vided by the 

double of a; we then find c for the quotient, and when it 

is connected to the root and divisor, and the product 

taken, there is no remainder. 

If the given square be not arranged according to the 
powers of one letter, a root could not be found in finite 
terms. See Note^ p. 48. 

The reason of the rule may be explained as follows : 
Since Evolution consists in reversing the process of Invo- 
lution, it is only by observing what law the formation of the 
square follows, that we can arrive at a method for discover- 
ing the square root. Now, the square of a binomial consists 
of the squares of the two terms, and twice their product : 
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then, in the first example, in which it is required to extract 
the square root of a^^2a6^6% it is plain that the first 
term of the root must be a. Again, the second term of 
the square is twice the product of the two terms of the 
root; therefbre if this second term, 2a^, be divided by 
the double of the first term of the root, that is, by 2 a, the 
quotient will be the second term of the root. Then, in 
order to determine whether the two last terms of the given 
square will be exactly reproduced, so as to leave no re- 
mainder, the second part, b, of the root must be joined 
to the divisor, 2a; and thus, by multiplication and sub- 
traction, the two last terms, namely 2a6^6*, are repro- 
duced. 

In Example 4, Art. 103, we have seen how a trinomial 
may be expressed under the form of a binomial, by con- 
sidering two of the terms as one : and hence the law of 
the formation of the square of a binomial applies to that 
of a trinomial also ; and the same law holds respecting the 
square of a quantity consisting of any number of terms. 
It is upon this principle that the root has been found 
in the second Example of the Rule. 

When we apply the Rule to quantities which are not 
complete squares, that is, to quantities which are not 
composed of two equal factors, the attempt to find a finite 
quotient fails, and an infinite series is obtained ; in the 
same manner as the application of the Rule of Division to 
quantities which have no factors, leads to an interminable 
quotient. 
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EXAMPLES. 



1. Extract the square root of a:'^-4x^-f 2x^-f 9a7'- 



4ar*+4a?* 



2x'+4««— a?)— 2a?*+9aJ*— 4a? 

_2«*— 4aj^+«* 



2aj3+4a:*— 2a?+2)4a?'+ 8a:«— 4a?+4 

4x^^Sai^^4x+4 





2. Find the square root of « + — — 2. 

ft* 
Here, since -, = ft^^^r*! And 2 s 2a^, 2 is a higher power 

ft* 
of a than -^; the arrangement is therefore as under: 

ft«/a ft 






ft« 



2a ft 



a/ a* 

o ft* 



a" 
M 
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3. Required the square root of l+x. 

b a ^- _ * X Xt OJ» >» 



»+i 


' + 4 








- 




2+x^ 


a*. *• 
•8^- "4 






a* 
4" 


a!» 
"8 


+ Si 








* 


4+r.' 


a!» 
'8- 


a!« 








a!» 
8 


+ 16 


64 + 


256 








6ar« 
64 


+ S4- 


a* 
256 


&C. 



^ the numerators and denominators of the two last 
terms of tiiis root be multiplied b j 3^ the series may be 
put under the form 

X ^, 3«^ 3^ a?* ZJ^.ls^ . 
+ 2 ~ 2.4"*" 2.4.6 ""2^:55"'' 2.4.6.8.10 

from which the law of continuation is more obvious. 

4. Extract the square root of o:^.— 6ar •{- 9* 

Ans. X — 3. 

5. Extract the square root of 25a^>-|-60a-{-36. 

Ans. 5a-|-6. 

6. Extract the square root of 9a^+24a^+l6^. 

Ansn 3a:+4y. 
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a:* 

7. Extract the. square root of a'— oa^^-j. 

Ans. o— o* 

8. Extract the square root of 2+x-f-i. 

Ans. ^x+^1. 

9* Extract the square root of 4:i^— l6a;' + 24dB*— l6x 
+4. Ans. 2j^— 4«+2. 

10. Extract the square root of 4a!^ + I2(fix + I3a^a^ 
+6ar^+jf*. Ans4 2a^+3ax+a^. 

11. Extract the square root of a' •{-«'. 

12. What does ^H^ want of being a complete square. 

Ans, zAz2xy. 

13. What must be added to a'+12«9 to make a com- 
plete square. Ansi, 36. 

14. What must be added to 9—- 6x9 to make a complete 
square. Ans. a?. 

a? 

15. What must be added to o^-f-—, to make a complete 

square. Ans. z±zax. 



III. To extract the evbe root of a compound quantity. 

BULE. 

109* V' Arrange the terms according to the 
dimensions of some one letter ; 2"** find the cnbe 
root of the first term^ and subtract its cube fi*om 
the given quantity ; 3"^ take the quotient of the 
first term of the remainder bj three times the 
square of the part of the root already found, and 
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set it down as the next term of the root: then, 
to the treble of the square of the first term of the 
root, add three times the product of the two terms 
of the root, together with the square of the last 
term J multiply the compound quantity thus 
formed by the term of the root last found, sub- 
tract the product from the former remainder, and 
repeat the process as often as may be required. 

The second term of the cube of a binomial, is always 
the product of the second term of the root, by three times 
the square of the first: and a* + 3a'& + 3a6*+^, the 
general expression for the cube of a binomial, may be put 
under the form 

The above rule is nothing else than these results ex- 
pressed in the form of directions for an operation. The 
principle is extended to trinomials, and other polynomials, 
in the same manner as in the case of the square root. 

£XAliCPL£S. 

1. a'+3a'b+3aif'+b^(a+b 



3a*+3ab+b^) 3a^b+3ab^+b^ 

3a*b+3ab*+b^ 



2. (a+by+3(a+byc+3(a+by+(^X^+b+c 

(a+by 

3{a+by+3(a+b)c+c^)3(a+byc+3(a+by+c^ 

3(a+6)"c+'3(a+iy+c' 
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3. 27a:«— 54a?»+63«*— 44a:«+21a:«— 6a;+ 1 

27a?6 (3««— 2a?+l 

27*»-^ia«»+4««)-r-54a?«+63a?*— 44a!» 

— 64a?«+3ea?*— 8a^ 



27a*-^36«»+21a«_6aj+l)27«*— 36x»+21««— 6a?+l 

27aj*— 3&r»+21a;«— 6a?+ 1 

"^^ o"" 

4, Fmd the cube root cjfy+6««+12a?+iS. 

Sr Flod the cube root of x^+3jt^t/+3xt/^+t^. 

Ans. x-f'y- 
& Find the cube root of a«+6««+15a:*— 20ar'+15x* 
— Gr+U ^»*. «* — :2x+l. 

7. Find the cube root of Sx^—60a^+l60x+l26. 

Ans. 2iv*-5. 

110* Since (Art. 97) any root imay be expressed as a 
power with a fraction^ index, we may extend the appli- 
cation of the binomial theorem to the extraction of roots, 
by taking for the index n, the fraction which expresses 
the root to be extracted : and it might be shown that in 
this case, as in Example 3, Art. 103, the series will never 
terminate. 

EXAMPLES. 

1. Expand ^(a'-fa:*) by the binomial theorem. 

Here, since iv/(«*+a^) = («'+«*)*> we must put for a, by 
and n, in the general formula, a\ x\ and ^; then 

^^~*^^~^^ (aO-* ^ &c. 5 
M2 
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or, <•(«'+«•) = «+ 2^- 8^ + IF^ &«'• 

This is the same series which is found by actual evolution, 
in Example 11, Prob. IL 

2. Find the value of ^9 in a series. 
Here we have 4^9 =i (S-f- 1)^ ; then 

(8+ 1> == 8i+f 8-f +i^=S^ 8-* + i^=^^^ 

^i(-i)(-^)(-»)8-v ^; 

or, 

^9- 24.* J- -i- -Lj.-!:^ J___M£_ 
V»-'e+t^8,),— 3^2 (8i)*"*" 3.3^.6 (Si)" 3^^^.6.4 

1 - 

•(8^ &C-5 

whence 

, J_ 1 5 6.8 

'^y- ^+3.2«— 3.6-2* + 3.6.9.2'~3.6.9.l2.2w ^^' 

3. Find the value of ^(^4*^) ^ ^ series. 

4. Find the value of :.,p . — c in a series. 

A 2 a? 3ar« 3.5 a:^ 3.5.7a?* ^ 
^^' 6 ~2.d«+2.46« "2.4.66'' + 2.4.6.8 &9*^* 

5. Find the value of ^2 in a series. 

A 1^^ ^ -L ^ 3.5 , 3>5.7 ^. 

Am. ^ + 2 — 2.4 + 2.4.6 " 2X6:8 + 2.4.6.8.10 ^""^ 

6. Expand f^iyj^x) into an infinite series. 

J. - , ar «* . a?* 5a?* « 
^•*+2-8+l6-128*=''- 
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7« Expand Jf/(l+x) into an infinite series. 

' n 2n* ' 2 . Sir 

8. Find the value of ^^(a+xy in a series. 

A ^/, . 2a: x" 4«' 4.7ar* . 4.7.10a?« ^ 
Ans. ^(l + ^^-—+—-.^^^^^ + —-—)lkc. 

9* Find the value of ^7 or 4^(8 — 1) in a series. 

. J^ — L. ^ 5.8 

^'"- ^""3.2«~3.6.2*~3.6.9.2'~3.6.9.12.2w *^' 

10. Find the value of .^ ^^ in a series. 

J. a ., «* -30?* 5ar^. . 
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CHAP. VI SURDS. 



SECTION I.-*- FUNDAMENTAL FBINGZPLES. 
DEFINITION. 

Abt. 111. Any root of a quantitj which cannot be 
exactly evolved (Art. 74)> is called an irrationcU quan-- 
tity, or surd: all other quantities are called rational. 
Thus, i/89 ^^9y are irrational quantities ; but 4^8, y^9> 
are rational t also, ^(2a), v'(a»+«'), v^6, -{/(10i«), 
&c. are surds.* 

' FBOPO8ITION8. 

112. Pbop. I. The square root of a quantitj can- 
not be partly rational and partly irrational. 

For, if possible, let n/a^hJ^n/c} then (Art. 31) 
a = *«+2*v/c + c, and (Art. 28) a— 6*— c= 2^^c.- 

hence (Art. 30), — ^r — = v'Cj. which is impossible 
(Art 74). 

113. 11. In any expression of the form a^n/h^ 
c+i/df the rational parts are equal to one another, 
and also the irrational parts. 

For, if a be not equal to c, let azzc+Xy then c-^-x^ 
^bzzc-^^d; therefore (Art. 28) x+^h^t/d^ which 
is impossible (Art. 112). 

114. III. If v^(a+v^6) = c+^<?, then will -/(a— 

^i) = c — y'A 

* Surdt are frequently called radicalsi or radical quantiUca. 
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Since (Art. 31) a^si/h^i^J^'lesi/dJ^d, we have 
(Art. 113) a-^^i^J^d^ and n/h-zzla^d; whence (Art. 28) 
a — ^6 = c«— 2 V£f+£f, and (Art. 31, 108) ^(a—y^ft) 
=ic — t/d. 

115. IV. The difference of any two equal pow- 
ers is always divi^ble by the difference of their 
roots j that is, «"— y" is divisible by x — y. 

Let X — y:=:dy therefore (Art. 27) a: = €?+y; then 
a?" — y" = (^+y)" — y*« Expanding (d+yY by the bino- 
mial theorem^ we have 

w— 1 
(rf+y)" = d**+w<?"~*y+w— 5— (i"-y+ &c +«cfy"~* 

therefore (Art. 28), 

(rf+y)"_y s: (^-+wd*»-V+'»-^^ rf'^y*+ &c 

+ndi^K 

Now, c? will obviously divide all the terms of this latter 
part ; therefore, («?+y)^ — y"> or «" — y", is also divisible 
by dy that is, by x—y. See Ex. 7, 10, 90, 94, 95, 96, 
99, Art. 43. 

116. V. The difference of two equal powers is 
always divisible by the sum of the roots, when 
the exponent is even. 

Let ar4'y = *> therefore (Art. 28) x = j — y; then 
ac* — y" = (* — yY — y ; and if (s — y)* be expanded, its 
last term, y*, will be positive (Art. 103, and hyp.): then 
subtracting y* as before, the remaining terms will be di- 
visible by *; therefore (s — y)" — y", or «" — y*, is also 
divisible by «, that is, by x+y. See Ex. 4, 91> Art. 43. 

117. VL The sum of two equal powers is al- 
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ways divisible by the mm of the roots^ when the 
index is odd. 

Let «+y = *, thcFefore x = s — y, and «"+y* = (# — y)* 
-f-y** In this the last term of the expansion will be ne- 
gative: hence, if y be added (Art. 27)i the terms of the 
eiqmnsion will be divisible by s: (s — y)"4y> or o^+y", 
will also be divisible by s, or a;+y. See Examples 92, 
97, 102, 

SECTION n«— PBOBLEMS. 



Pbob. I. To reduce a quaniHy to the form of a given surd. 

BUI.E. 

118. Raise the quantity to the power expressed 
by the index of the given snrd^ and indicate the 
extraction of the same root. 

EXAMPLES. 

1. Reduce 4<^ to the form of the cube root 

Cubing 4oS we have 64 o^, and the required form there- 
fore is (64 a«)*. 

2. Express 20^-^ under the form of the fourth root. 

Here raising to the fourth power, we have 7- ; the 

fora»requi«diB(H^)*. 

3. Reduce 4.v^5 to the form of the square root. 
Here, 4^5=:^l6x-/5 = -/80 (Art. 106). 
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EXAMPLES FOB PBACTXCE. 

1. Reduce a to the form of the square root. 

2. ....••;.. 2x •.••.••.••.•..•..•# square root. 

3. 5 ..•; square root. 

4 3a^ ••••• square root. 

5 2a*b cube root. 

6. ..—3a cube root. 

1 

7. 3a? square root. 

8. b ..> nth root. 

9 T7 •« ••• 4th root. 

10 Sa^ ....••• cube root. 

11 3a» square root. 

12 2»* .*. 5th root. 

13. ayi • •^ 4th root. 

14. i—r-'** • square root. 

4/v/a 

15 i(3^)^ « square root. 

16. .i, — ("^^H square root. 

17 • a— £....« square root. 

.18 («+y)4 '' 4th root. 

19. \^8x square root. 

20. 2{/3 ». square root. 



II. To reduce a surd to its eimplest form. 

BUIiE. 

119. Resolve, if possible, the given surd into 
two factors, one of which shall be the greatest 
power contained in it, corresponding to the index 
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of the surd, and taike the root of each factor. If 
the given surd t)e in a fractional form, multiply 
both terms of the fraction by such a number as 
will maike the denominator a complete power, 
corresponding to the root, and proceed as before. 

This process is merely the reverse of that in the last 
problem. It is plain from this mode of resolving into 
factors, that the surd will be in its simplest form. 



1. Reduce x^{artji) to it» simplest form. 
Here, x(a*b)n = ar x ob^ = oro^. 

2. Reduce 135^ to its simplest form. 

Resolving 135, we have 135*=:(27x5)i:=27ix5*(Art. 
106) = 3x5* z= 3^5. 

3. Reduce 2^f to its simplest form. 

Multiplying both terms so as to make the denominator a 
complete cube, we have 2^^ = 2{/(^ X 18) = f -$^18. 

4. Reduce (4a»5«— 20a»5«+25a**)* to its simplest 
form. 

Here, (4a*5«~20a'^+25a5*)* = {(2a«— 5*)« x a5«}*= 
(2a«— 56)V«- 

EXAMPLES FOB PBAGTICE. 
Sards to be redoced. Answers. 

1. (9a*a?)* 3aV*- 

2. Wi S^2. 

3. 4^(8a«+l6a') 8a(a+2)». 
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Sordfl to be reduced. Answkes. 

4. V'l iV'3. 

5. W^ W^' 

6. v'l = Vi W3- 

7. X»-4aV+4a«')* 2=2(a,)». 

8. (7a«+108y)J 6^(2x+3y). 

9- W-^) ^(«c-W)». 

10. |^(108ar«")* ^"^*- 

11. (a«ft)*. 

12. (8a)*. 

13. ^75. 

14. (405)*. 
15.' ^147. 

16. 4^162. 

17. (a»+a»6«)*. 

18. 3^125. 

19. (2x^i/^+bx^y)K 

20. ^^(72n8). 

21. (98a«a:)*. 

22. V^. 

23. (3a«c+6a6c+3^c)*. 

24. (2wy«_4j^+2»)*. 

25. v'l- 

26. ^j. 

27. -/f 

28. i^f. 

29. -•*• 

^^- V o«+2aa?+a;« j ' 

31. i^'M- 

N 



146 SURDS. -^FBOBLEMS. 

III. To reduce surds having different indices^ to equiva^ 
lent ones having a common index. 

BULE. 

120. Reduce the indices to a common deno- 
minator/involve the quantities to the power de- 
noted hy the numerator, and indicate the extrac- 
tion of the root expressed hy the denominator. 

The reason of the rule is manifest from Art. 82, 97. 



1 . Reduce 2i and 4^ to surds expressing the same root. 

Here, 2* = 2*, and 4* = 4* ; but 2'= 8, and 4«= 1 6, there- 
fore 2*z= 8*, and 4*= 16*: hence, 2*= 8*, and 4*= 16* J 
so that 8^ and 16* are the surds required. 



1 1 



2. Reduce (zx^ and ln/» to surds of the same index. 

* i 

Here, aa^ and by^ become, when the indices are reduced, 

ax^ and by^; that is, a(xr)^ and 6(y")-, or a"v^a* and 

BXABCPLES FOB PBACTICE. 

1. Reduce a* and oi to the same index. 

2 2i and 3* to the same index. 

3. 2cfi and 3a' to the same index. 

4 a' and b^ to the same index. 

5 5t and 6* to the same index. 

6 2^3 and 3y^2 to the same index. 

7 (a+^)^ ^T^^ (P — ^)^ ^o the same index. 

8 x"* and yn to the same index. 

9 j^i and ^| to the same index. 
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IV. To add surds. 

B0I.E. 

121. Reduce the surds^ if necessary^ to their 
simplest forms^ and proceed zs in adding ra- 
tional quantities. 

The reason of the rule is obvious firom Art. 23, 32, 1 19l 

EXAMPLES FOB PBAGTICE. 

Sards to be added. Answers. 

I. ^45+-v/20 5v'5. 

2- 2^6+6-v/6 2^5+5v'6. 

3. •V+^^V+VA 2^^3. 

4. 80*+125* 9x6*. 

6. ^48+^162 S^Q. 

6. 2^48+V108 8^3+27^4. 

7. 3^32+5^2 11^2. 

8. (3a«6)*+(27o*6)* 4a(36)*. 

9. ^(46c»)+^(80c»)+-v/(5o«c) (a+7cV5c. 

10. (18a'^)*+(50aW)* (3a«6+5a*V2a6. 

li. i^/i+i^ife T^^2. 

12. 2^|+i^60+^15+^f V^15. 

13. 7^54+34/l6+^2+^(128aV). 

Ans. (28+4a«ar)-{/2. 

14. (I6a»*>+(4a«6)*+(54a»*)l+(a«6)*. 

i4«*. 6a(25)»+3a(ft)*. 

V. To subiract surds. 

BULE. 

122. Reduce the surds^ if necessary, to their 
simplest forms, and proceed as in subtracting ra- 
tional quantities. 
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EXAimSS rOB :P]tAGTICB« 
Sardt to be fabtracted. Answers. 

1. ^192~{/24 2^3. 

2. (9flAr)»— .(4aV)* a*ar*. 

3. \i^Bl—li/376 i{/3. 

4. 6(8a^^)*u^(aW)* a*b*. 

6. i(486)i_i(64)t 1^. 

6. 512*— 54* 4^^3^2. 

7. -^32—2^40 2^2—4-^5. 

8. ^600—^108 84^4. 

VI. To mvUiply turds* 

123. Reduce the surds^ if neceasairy, to equi- 
valent ones haying a common index, and proceed 
aa in multiplying rational quantities. 

The reason of the rale is plain from Art. 106, 120. 

£XAMFLB8. 

1. Multiply 2* by 3*. 

By reduction (Art. 120), these become 2^ and 3^, that 
is, 4* and 27^: henoe ^e prodact is (4 x 27)* = 108*. 

2. Multiply i{/6 by f^l8. 

Here reduction is unnecessary, and the product is ^^103 



SUBDS. — PBOSIJBMS. 1 49 

3. Multiply xi+(a+«)* l>y (a+^)'* 

a:#4.(o+a?)i 



(aa? + ic*)* + a + «?• 



EXAMPLES FOB PRACTICE. 

Sards to be multiplied. Answers. 

1. ^^hy^S^x IS^bx. 

2. A^x^^ 20^'^. 

3. 2^3x4^72 48, 

4« o^x^i A^* 

5. 3A»x4a* 121J/(o3i*). 

6. Wly^Wi *4^15. 

7. 2*x3*x6i 648000*. 

8. 3./(4+6^2)xV2 30v'(2+3^2). 

9. (54^4—2^ 16) X 2^2-3^4) .. 44^44/32-154/1^. 

10. (a+ar)lx(a— a?)l {a^—x^)^, 

11. i^aXi^b. 

12. (2a)* xy*. 

13. i4^3x|4^2. 

14. 4^8x3v/6. 

15. ai X ^o* X ca^* 

16. 5v^8x3v'5. 

17. a*x«*- 

18. 4 X 2^3 X ^'72. 

19. 4^4 X 74^6 xi4^5. 

20. (3+^5)x(2— ^5). 

21. (7+2v^6)x(9— 5^6). 

22. 1*X2^. 
4 15 

23. (4+2^2>x(2— v^2). 

24. i4/18x5^20. 

N2 
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Surds to be nniltiplied. 

26. (l+ar)*X(l— a?)*' 

m 'p 

27. «"X*«' 

28. {a+^x)x{h+^y). 

29. (a+6*)*X(c+<fl)*^. 

30. (7v^6+2v^3)x(^5+^6). 

31. {/(a«— ««)« X ^(«'— «*). 

32. (2v'8+3v'5— 7v^2) x (v'72_5v^20— 2 v/2). 

33. Jy{a^y^b)x;y{a—^h). 



YU. To dirndl S9irds. 

BUIiE. 

124. Reduce the surds, if necessary, to equiva*- 
leut ones having a common index, and proceed 
as in dividing rational quantities. 

Divide bc;y(ab) by bJ^a. 
Here the quotient is e^b; for (Art. 106) v^a5 = v^ax 
jyb, and therefore ^^ = ^6. 

EXAMTJLES FOB PBACTICE. 
Surds to be dirided. Answias. 

1. ^40^v'2 * ^20=2^5. 

2. 6v/54-i.3v^2 ev'S. 

3. -^135^^5 3. 

4. ^4-^i4/6 \l/\%. 

5. 72i-^3* ^2. 
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Surd, to be diTided. Ak.w..s. 

6. xi^9 jjj 

7- ^48-2 2^3.* 

8. (l-^y^i+^y (1_,^,^ 

9. (««_»i«)»^(»_«) , / * + w 

^ n — m 

10. (a*'— A««)*-=-(a— «)» J. 

11. (v'72+^32_4)^^8 5—^2. 

12. 10^108-1.54/4. 

13. 10^27-5-2^3. 

14. (I+ar)^(l4.x>. 

15. 2^|^-3^|. 

17. 3a£?^3a^. 

18. a^^aK 

19. 64;-i.2. 

20. b(a^—ai')l^(a+x). 

21. 4^12-i.2y^3. 

22. ^a-^^a. 

23. a*-4-a*. 

24. (f)*^(?)*. ^ 

25. 2ix^^3ix^. 

26. a?*-5-a:4. 

27. a*-^a*6*. 

28. (v^6+4^18_3— 8V2)-5.^3. 

29. i^x^^x. 

30. (a+x)i^(a+x). 

31. ^^ic"-i-ar. 

32. 4^v^8. 

33. («\/«+\/ft«— •v'y— \/^)-5-(v^a?— v'y). 
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VIIL To extract the square root of a bmamial gurd, 
125« Let the binomial surd be a^z^^b, and let 

hence (Art 31, 98), we have 

a ±: iv^^ = a?=fc 2/v/ay +y. 

Now (Art. 113), 

therefore (Art. 31, 98), 

a* = a*+2a!y+y*, and h-=z.\xy: 

hence (Art 28), 

€^ — ^ = 05^ — 2ay+y*j- 

and (Art. 31, 108) 

y/(a«— ^) = x—y 

But 

a-szx-^-y; 

therefore (Art 27, 28), 

a+y^(a«— A) = 2«, a— v^(a«— ft) = 2y ; 

and (Art. 30) 

a+^(at_6) ^ g-^(a«-6) _ 
2 ""*' 2 "^ 

Hence (Art. 31) 

^;rd=v^y or ^(a±^5)= ^^?!=*)± 

/a--v^(a«-ft) 
V 2 "• 

This is a general formula, from which the square root 
of a binomial surd may be found, by substituting particu- 
lar numbers for a and ft. 
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EXAMFIJBS 



• 



1. Find the square root of 4+2y'3. 

Herei substltuting'ftHr atmd ^^iiLtbe general fbrmula» 
4 and 2y^3,. we have 

V^3+l. 

2. Find the square root of 7-f-4^3. ' Ans. 2-f- y^3. 

3 6—2^5. Ans. i/S—\. 

4 7— 2v'10. Am. ^5—^/2. 

6 2+^3. Ans. W^+W^- 

6 V^27+2v'6 ... -^12+^3. 

7 I+V'^ Ans. 1+^2. 

IX. To jmd suA mukipliers as will make binomial 

surds rational. 

, 126. Performing the actual dirision which has been 
profved possible^ in Art. 115, 116, 117, we have 

^~^ =jf*-> +«*-V + ^"^ H***^^ &c. 
^^=^ = a?^>_a^'y+ar-^«— a?*-y &c. 

And it is plain that the first series will terminate at the 
nth term, whether n be even or odd ; the second only 
when n is even, and the third only when » is odd. 

Now, let a"=a, y"=:5/. therefore xzinyoy yzzJ^b^ 
«"-'sya"-*, «*-»=:^a»-', &c.; and 2^=^6«, y'=^^, 

&C. 
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Substituting these values in the above series, we have 
a— 6 









Hence, by the nature of division, if each of these irra- 
tional divisors be multiplied by the corresponding irra- 
tional quotient, the corresponding rational dividend vUl 
be reproduced; and, therefore, the first of these quotients 
is the multiplier which will render rational a surd of the 
form ^a — j^b; and the second and third quotients are 
the multipliers which will make a surd of the form v^a+ 
jyb rational; the binomial which is produced having its 
second term negative or positive^ according as f» is even 
or odd.* 



1. Required the multiplier which will make v^9+v^lO 
rationaL 

Here a=9, 6=10, fi=3; then, since n is odd, and the 
second term positive, the third form applies to this case ; 



* In many cases, multipliers may be more readily found than by 
the above general method. Thus, it is plain that a surd of the form 
4/ a will be made rational, by the multiplier bJ^a*~^i for ^/aX 
i^a^*=ri^a"=a. Also^ since the product of the sum and differ- 
ence of two quantities is the difference of their squares (£x. 5, 12; 
Art. SB), it follows that j^a db ^6 will be made rational by the 
multiplier i^a If: V^. Again, since (a=7=6)X(«'dba6-|-6*) s 
a'=^6*, a surd of the form jf^azp^b will be made rational, by 
the multiplier ^a' db j^ab^i^j^l^. Several of the examples in the 
text may be worked by this method. 
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therefore we have ^a*-> — ^^0^*^+ ;/€«*-•&* &c. = -{/81 
— iV^904-i{/100. The actual multiplication is as under: 

multiplier, 4/^81—^90 + ^100 
given surd, y^ 9 + -^10 

9— ^'810+^900 
4/810—^^900+10 



rational product, 9 + 10 = 19 

The multiplier might have been more readily found, by 
applying the principle in the Note. 

3 

2. Reduce «r-;7 r^ to a fraction whose denominator 

shall be rational. 

Here the multiplier is plainly »y^ -f* \/^ » ^^^ multiplying 
both terms by this^ we have 

3. What multiplier will make ^3 — ^4 rational. 

The multiplier, found by the general formula, is ^^27+ 

^36+^48+^64; but, by the principle in the Note, 

. we may use the two multipliers, ^3+^4 and iv^3+^4, 

, in succession. In fact, the above multipHer is the product 

of these two. 

4. Reduce ■ _ , ■ to a fraction with a rational deno- 
minator. Ana* ^ — r"=^ — V^^* 

5. Convert a+^^b into a rational quantity. 

Ans* a^'-^b, 

6. Convert —6 — ^v^f into a rational quantity. 

Am. 24jt. 
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7. Ccmvert ^a -{- v^^ into a ^rational cpiantiiy. 

8. Convert a^^+cy'^ ^*^ *^ rational quantity. 

9. Convert 9+2^10 into a rational quantity. 

Ans* 41. 

10. Reduce tt^^-^q *^ * fraction with a rational deno- 
minator. -4«*- 2+|^2. 

11. Reduce ,J^ r. to a fraction with a rational 

y — ^ 8+2a/15 

denominator. Ans. 2-^^^^ — =8+2^15. 

12. Reduce . ^ . to a fraction with a rational deno- 
minator. Ans. - — r? ^— -^. 

13. Reduce j'f^ .v to a fraction with a rational 
denominator. '^'**- tu' 

14. Reduce 1/ ,^ ,l to a fraction with a rational 

-^ ^a—s/b ny2a+2 ^ab+b 
denommator. Ans. ^ ^—r . 

3 
16. Oeduce »/5_,^ *^ *^ fraction with a rational de- 
nominator. AnS' .^+.^10+^4. 
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CHAP. Vn SIMPLE EQUATIONS. 



sEcnov i^-^saenM sqeuatiovs with o'sfs maofowK 

QQTAIfTITT. 
DEFIiriTIONS. 

Art. 127. Def. L A statement of equality between 
two expreesions, is ciAed an equaUant and tiie expres- 
sions are caled Ifte memberg or sidee of the equation r 
thus, 4&-(-d=2a— « u» an. equatioo^ and its sides or 
members are 4b+d and 2a — c. 

128. SchoL The chief use of an equation is to enable 
ufl to express one quantity in terma of others. Hence, if 
one of the quantities in an equation be unknown, find the 
others known, by expressing the former in terms of the 
latter, its value is determined. It is customary to denote 
unknown quantities by the last letters of the alphabet; 
while known quantities, if not expressed in numbers, are 
denoted by the flsst letters of the aiphaliet. 

I29w IL A simple equation is one whidbi eontains the 
first power only of the unknown quantity. 

PBOPOSITIONS. 

130. I. Any term may be transposed from one 
side of an equation toi tlie other^ if its sign be 
cbanged at the same time. 

Let x+a^bj then xnb — a; for this is notiiing else 
than subtracting a from both sides (Art. 28). 

Again, let x — a = 5, then x=zb+a; for this is no** 
thing else than addmg m to both sides (Art. 27). 

O 
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131. II. An equation may be cleared of frac- 
tions, bj multiplying all the terms by the least 
common multiple of the denominators (Art 59).* 

For, by this means, each numerator is rendered divisi- 
ble by the denominator (Art. 44, 46, 52), and (Art. 29) 
the two sides are still equal to one another. {Seie Ex. 4, 

OS X X 

Art. 87). Thus, to free the equation, ^+ 5 + - = 1, 

from fractions, multiply each term by 12, the least com- 
mon multiple of the denominators; then we have 

6Ar4.4a?+3a? = 12, 
in which the terms are integral. 

132. III. An equation may be cleared of surds, 
by transposing (Art. 130) the terms, so that each 
surd, in succession, may occupy one side, and 



* This may also be effected, but not 10 readily, by multiplying 
all the termi either by each denomiaator in sueceMion, by the pro- 
duct of all the denominatora, or by any common multiple of them: 



4 



thui, let . ^ - ^ ~ s= I. Multiplying by the denominators in 

2. 9 4 

luccessiont we bare 

— 4- — =s2. 

Sx+2x + ^ss6. 
12x4-8r4>6«rs24. 

Multiplying by the product of the denominator^ we find 

24 V , 24» , fi4r ., 

-2- + — +-4-=^^*' 
or, 

19v+8c+6rs84. 
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the remaining terms , the , other side^ and then 
raising each side to a power corresponding to 
the index of the surd. 

For (Art 98> 31) the surds will be made to disappear 
successiyely, and each result will still be an equation* 
Thus, let 

theni by transposition (Art. 131)i 

^(a+x)rzc — b; 
and| by involution, 

a+x:=:(c — by, 

which is free from irrational terms* If there are more 
surds than one, the process must be repeated. 

FBOBLEtt. 

To solve a simple equations 

RULE* 

133. l""' Clear the equation of fractions and 
surds; 2^' transpose the known terms to one 
side, and the unknown terms to the other, incor- 
porating like quantities; 3°' and divide both 
members (Art* 30) by the coefficient of the un- 
known quantity.* 

* Before commeDcing the aolation, W9 may sometimes simplify 
an equation, by transposing and incorporating like terms, or by 
diYisaon (Art* SO). 
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1. Given 4 — 9^ =14 — Ho? to find the value oif x. 

Transposing (part 2"^ of the Rule^ and Art. 130)} we have 

11a? — 9Ar=14 — 4; 

andy collecting the terms, 

2«=1P; 
thereforei by division (part 3^)^ 

which is the required value* 

To verify this value of x, put 6 for x in the given 
liquation, and it becomes 

4—45=14—66; 
that iSf 

—41 = —41; 

or, by changing both signs (Art. 130), 

41 = 41. 

When the two sided thud become identical, the value 
found for the unknown is said to be that which satisfies the 
equation, or for which the equation holds true.* 



* It it of great tut to employ this test frequeatly, in the soliition 
of equationi. Thus, in the above example, if we had forgotten to 
change the alga of 4^ ib traaapotiBg it to «he right side, we abonld 

hare had 

llr~9xssl8, 

or 3«ss 18, 

and arsss9; 

and, in attempting to verify this, we should have found 

4— 81 ss 14— 99, 
m 778=85, 

an impoiiibility; which provet that 9 is not the tnie vifaie of «• 
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«« 



2. Given, 3««+4a?— ^— 46a?+2a«=:0j to find the 
value of X* 

Here, «implifying before dealing of fractions (Note to the 
Rule), we have 

5a?_|_42 = 0; 

then multiplying both terms by 3, 

15 a?— a?— 126 = 0, 
or Hat =126, 

and by division, xzz9* 



3x — 6 ,^ 2x — 4 , « ,• , 
3. Given, x+ — ^ — = 12— — 5 — , to find the va* 

2 d 

lue of X. 

Multiplying by 6, the least common multiple of the deno-* 
minators, we have 

^ , 18g— 30 ^^ 12a?— 24 

ex+ — 2 — = 72 3 — • 

or 

6«+9a:— 15 = 72— .4«+8^ 

whence we easily find 

« = 5. 



4. Given, — ^ — : — 5 — : : 7 : 4, to find x. 

Since, in a proportion, the product of the means is equal 
to the product of the extremes (Euc. YL 16), it follows 

that 

5a?+4 . 18 — X ^ 
-f-X4=— j-x7, 

or 

1/. .0 126— 7a? 
. 10ar+8 = J , 

02 
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By muhiplicatioDi 

40a?+32=l26— 7ar. 
whence, 

x^2. 



^ ^. 4a?+3, 7«— 29 8a?+19 . , 

5. Given, ^JL. + ___=:-^ . required 

Multiplying both sides by 18, we find 

Q .^ .'126a ?— 522 . , ,_ 
8a:+6+-^— j^ = 8«+19> 

thei^forey cancelliog 8;r» and traoBposing 6» 

126 a?— 522 ,^ 
5«— 12 -^^' 

ttidt ttidtijAyisg by the denominator, 

126«— 522=650?— 156. 

By transposition, 

61«=366; 

and therefore, 

apz=6« 



8tV 9«t 

6. Griven, -s r7r-4>ll=:4. 

5 10 



Clearing of fractions gires 

dO«— 45« + 550 =: 200* 
By addition, 

35 a? s— 350; 

whence, 

«=-..ia 

Verily this equation* 
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7. Given, -^ ^-=3 ^; required the 

value of X. 

Reducing 2^ and 6^ to improper fractionsi and perform- 
ing the division, we obtain 

2(ar— 3) 3(ar— 4) _ a?+l 
5 19 •* 6 • 

Now, 95 is the least common multiple of the denomina* 
tors; therefore, 

38(a?— 3)— 15(a?— 4)= 285-^19(a?+l)5 

or actually multiplying, 

38a:— 114— 15«+60= 285— 19«— 19. 

Collecting the tenns, 

42 a: =z 320; 
and 

ar = 7if. 

Verify this equation. 

8. Given, 3.26a?— 6.007— a:= 0.2-— 0,34«. 

By transposition, we have 

3.25ar—a:+0.34«=: 5.207; 
that is, 

ar(3.26— 1+0. 34)s= 5.207; 
whence, > 

2. 59a: =5 6.207, 
and 

5^207 

2.59 



9. Given, ax — -^ ao* zzox4 j, 

a 2a 

bx+Aa 



164 SnfPLE EQUATIONS. 

Here, 4 a is the least common multiple of the denomina- 
tors : multiplying by it, we obtain 

4fl«a?— 4a«4-12fta?— 4a«6«=:4a6«+126a:— 10a«— o6x 
— 4a«; 

then, by transposition and addition, 

a? (4 a«— 3 oi) = 4 o«ft«— 10 a«; 
and by dirision, 

_ 4fl«^«— 10a« _ 4a6«— IQq 
*" 4a«— 3a6 "" 4a— 36 ' 

by reduction to lowest terms. 

1 0. Given, ^^(11+ ^6 a:) = 3 ; required x. 

By involving both' sides to the 4th power, we find 

ll+V^5ar=81; 
by transposition, 

squaring again gives 

6x=:49O0i 
and therefore, 

X = 980. 



ox ■-" i^ s^ (tx ■-'■■- o 
11. Given, — — -7-7 = c + ^ ; required the va- 

t^ OiX^^O c 

lue of X, 

In this case, before squaring, the equation may be sim- 
plified. The numerator of the first term is divisible by 
the denominator. Performing the division, there is ob- 
tained 






^aX'^bzzC'\ 
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by transpositioDy 

whenccj by reduction to a common denominator^ 

c(i/asc — b) x/ax — h 

c . e 

whence^ 

By diyision, 

^twj — b^z 



therefore^ 



€« 



squaring both sides, 
therefore, 



1 /a . «* \* 



12. Given, A/a'\r*/x = ./aa?, to find the value of x. 
Divide both members by v^ar, and tiberefore 

transposing and clearing of fractions, we have 

by division, 

^o— 1 
and by involution, 

o 

07 = 



— V«5 



(•«-ir 
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13. Given. i + i = yi+v'(^ + J)tofiiidihe 
value of x^ 
Squaring both sides, and cancelling equal terms, we find 

Multiply the left member by or, and the right by its equal, 
j^gi^^ and there will be obtained 



squarmg, 



Hence, 



and 






1 2 



0?^ 2a. 



14. Given, ^{a+x)+^{a^^x)=zb; required ar. 

Since {a + by ::z c^ + lf^ + 3ab(a + b), we have, in this 
case, 

but 

^a+x+^a — X = 6, 

therefore 

2a+36^(a«— a:*) = i^, 

and 

36{/(a«— ««)=:ft»— 2a; 

by division. 



by involution and transposition, 

b^—2a\^ 



-="'-(Tr=) = 
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« 



therefore 



6»_2a\' 



^=y^-{-3i^) 



1*6. Let y(3+y) = ^(10+y«), to find y. 

Raising both members to the nth power^ will give 

3+y=^(10+y«); 

from which it is readily found that 

16. Given, ^(a«+c) = J/(j^q^); required «. 

Involving both members to the 4th power> and clearing 
of fractionsi we find 

^(a«+c)*.rf(a?+ft)=za*+c. 

Dividing both terms by a*+^> that is, by v^(a*+c)', we 
find 

hence, 



BXAlfPUBB FOB FBACTIGE. 

I. Numerical Equations. 

Given Equations. Answers. 

1. ar4-4=7 xzaS. 

2. X — 6=1 ^ x=z7. 

3. 2+a?— 3+7 =z 10—3 «=!. 

4. a? — 2==fc:8...., x = 10or — 6. 

5- y— i=i • y=i- 

6. 5+2x4-3=3— or a; = — 5. 
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Given Eqaations. Aniwbbs. 

7. z+4±10s=0 « = — 14or6. 

8. 7— 3a:4.8+a?=12— 3a:+8 ir = 5. 

9. 3a;+22 = 31 a;=3. 

10. 3a:+6— « + 3=: l6+«— 4 «= 3. 

11. 59.^9+4:5:0 ©=rl. 

12. 4+47— 5— 2jp4.2=:5~24P+6 « = 10, 

13. |— 1 = x = 6. 

14. |— 3=±li ar = 9or3. 

16. x+fxsIS « = 8f. 

16. 6«— 16— 2«— 6 = x = 7. 

17. 44f+26 = 69— 7« x=:3. 

18. —Ix— 40+2jr=0 .•• «=25. 

19. «+18=3«~5 llj=x. 

20. 2ar— 1=54:— 19 • 6=«. 

21. 6«-i = i * = y^. 

22. 19«+13 = 59— 4* ...., x=2. 

23. 2^4-15 = — 32r+36 iP = 5. 

24. 4a;+12=2x+21— or « = 3. 

25. 2x— iar=6 « = 4. 

^^- f-6 = 7 ''=^^- 

27. 2y— fy— i-^4 = y=3f. 

28. 5+1—2 = x = 2. 

29. ^+1 = 22 x=24. 

30. 't*+^=7 : x = 8. 

31. 1^=6 ,=:2. 

4 — X 
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Gi/cn Equations. Answkes. 

32. 1 + 1=5 xrrSf 

33. | + j=7 «=10. 

34. 1 + 1+7— a? = a?=16. 

^- i^ + i«+ 10 = 07 07=24. 

36, a?— i«— ^a:=72 a?=120. 

''' -7=i-i-i ••••••• • -=^2- 

38. 1 + 1 + 1 = 13 , x=12. 

39. ^_| + |_44 = *=60. 

40. X— fa?+f = 4j ar=6. 

Sot 9x 

41. 0=11—^— 4+ TTT «=10. 

5 . 10 

42. _1 + |_|_| + | = .= 12, 

43. ?£±?2-,66 x=100. 

5 

^^ x+l ap+4 * ,, 

44. -| =p =1 x=z 11. 

A< 2a?+2 ^+4 

45. — ^ i— +8 = 5 x = — 6. 

a._5 . ^ 284— a: 

46. — r — 1-6^= — 5 — « = 9. 

4 u 

2x+6 ^ llx 37 ^ 

O vrfi 

3x4-4 « 22 — a? ,^ 

48, iJL.+2x=-— — + 16 x=7. 

P 
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Given Equations. Answers. 

6a;— 4 ^ 18—44: , ^ . 

49. —3 2 = g — + x x = 4, 

50. "^ ; — = — : : 14 : 5 4:z=4. 

51. iic— 412i— V^ = — ^— 3l6i ... a: = ^8(>§J. 

52. i«----l x = 5- 

30— 6ar ^ 

X — 1 . 3*— f - 4+x o 

53. %^ + -Jj-lzz7 ^ x=8. 

54. 8|+ y— |+2«-2f*+13+|=0 .. x=~76Tiftr. 
— 5 + x 2—x , . 25— g* ^ 

^a 9x+20 X Ax—\2 ' 

-.13 *n5J-J- 

57. 7— x-^=6— ^ *=3. 

_ 18x— 19 , ll«+21_9a;+15 _. 

^^- 28 ■*" 6«+14 - ~Tr~ *-'• 

59. ^£±i: 1 ::2«+19:3«— 19 «=8. 

b£ — 4o 

60. ?i=?+'+^+,= .=J. 

61. 1:^+100 = ^+3.86— I ... x=519. 675 &c. 

18 o o 



II. Literal EgtuUiona. 



a 



62. hxzza « *^6' 

63. ? = 4i? y = 4M 
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Given Equations. Ansytbrs. 

64. ax — bzzbx — c x^= 



b—c 



a—b* 

65. ioT— 6a = 3c— 2a— 4ar ^_4a+3c^ 

i+4 

66. dx—&ac=3bc—x ^_5ac+3&c 

67. 46— 3(fy+7 = 4dfy_ay+6+56 .... a:= -^^,. 

a — id 

«Q ^ 1 * ia 
DO. - + -ZZC jrr: -. 

« a: ca — 1 

69. ?£±£_5_^ = x=^^;^=^. 

XX 4 

70. 6J+ax— 1 = 6+7«+36 «=^=^. 

a — 7 

71. iab+^ — §(?ar=|ac+2a6 — 6ca? .. xzz 5^^^ . 

72. 4a«+4««=16a«— 16aa:+4ar2 a: = |a. 

73. a:-| — ar+ — x = r x= . 

m m m+n+p 

74 ?iZl? • f — ^ 6j? — a 3b 

4 +3-2 3~ ^-Sa— 26* 



75. 



-?L_+_f^ ^ ^^y^zzE? 



XXX J abed 

— +T + -=sa j?=: -= , 

a o c ab+ac+bc 



77. (a+^)(ft+^)_a(6+c) = ^+x« x=^. 

'^- hZ = «^+T- ^=T- 



bx -^T ^ 

*7Q 3 ax a — 3a 
a — X a* — or a+a? 3 a 
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Oiren Eqaations. Asbwems. 

ax ex ex , {9+^)W 

^- T+d+7-^=* *= adf+hef+bde' 

... . /« + ^ 

81. a — bx-^^b — ax-* «z= V — ^• 

a — o 

82. r=: -4 ^-— J — ar = — ^. 

X— 1 T+1 JC«— 1 ^* 

83. «+!:« — \i\a+2bia — 34 « = 



3a^ a«i* (2a+6)6«x_ fix 



56 






bx dx Jx hx 



(ad+be)Jh+(eh+fg)bd 



III. Equations with surds, 

86. i^xzua X'=ic^. 

87. ^(ar+6) = 3 x = 3. 

88. v"*— 7=— 3 a?=l6. 

89. 4^y+5 = ll yz=2l6. 

90. (4+a?)»=;5 a?= 121. 

91. (3y_5)* = (7— y)* y = 3. 

92. v^(«+«)=^a?+o « = i(a«— 2a+l). 

93. V(ar+6)=^(ca:+c0 • * = ?^- 

a I c 

94. V'(ar+5)+3z=8— ^o: af=4. 

95. ^l+v^(3+^6a?) = 2 ar = 6. 

96. ^(4;+2)x-/5=^5xx2 x = ^. 

97. (12+x)*=2+a:* ....» x=4. 
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Giyen Equations. Answers 

98. ^(ll+^5x)— 3 = x = 980 

99. ^(2+0?)+^^ = -^-^ ^ = f 

100. ^(a?— a) = ^a?— J^a « = H« 

101. \/[—l+i^W7x+2)]-l «=6| 

fa* — a^ . 

xzz 1 — a 

I 



108. 



112. 



113. 



114. 



/Or — or ^ 

102. V +x—a=:2x 

103. 



X — ax /^x' 

j^X *~ X 



x^ 



I— a 



104. ^{a+x)+^/(a—x)=zb ... a; = iV(4a— ^') 

105. (7+^^)4+0:*=^-^^^ x:=.i 



106. ^{11+^— 13— ^20+^(3a?+26)} = 3. 

Ans. a? =200 

107. (x+xiy-(x-x^)i = ^{^y x^^ 

'=i(^+si) 



3a?— 16 ^3ar— 4 

^3x+4 ^ a 



109. v^(a+a?) + ^-=V'a; x=—^ 

^ ' a? ^ a+2v^a 

110. (a?«-6*)*=(«-^)* ^ = ^¥' 

111. (o+a!)»+(a— a?)«=3(a«— ««)* x = fa^5 



3a?— 1 , , a/Sx—\ 
= 1+- 



^3a?+l ' 2 

^ax — b __ \/ax — 2b 
^ax+Sb'" j^cix-^^Sb 



... a?=3 

1 b^ 
9 a 



X 



!+^=« x=br-+^S' 



115. (a+a?)» = (dP* + 5ax+6«>"" * = 

P2 



a' 



3a 
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Gireo Equations. Answers. 

116. (a«-^«)*+x(a«— l)* = a«(l— a:«)l... a? = f?^=i)*- 

117 / ^ I y c _ 4^ 4^c . _ / ^ + C \ 

a+4? a — x"" a* — jt* "" \6 — c/' 

■'«■ (Sr)'+ (^;)'=« '=(5^. 

119. (aHc)i=f3^4x)* ^=^ ^r} M — ^' 

120. v'(4a+a?) = 2v'(ft+x)— ^x a; = ^ ^ .* 



SECTION n. SIMPLE EQUATIONS WITH MORE THAN 

ONE UNKNOWN QUANTITY. 

Art. 134. When, \n the expression for one unknown 
quantity, another unknown quantity occurs, it is plain 
(Art. 128) that the value of the former cannot be deter- 
mined, unless that of the latter be known. Thus, the 
equation ax^hy^c 

being solved with respect to at, gives 

e — by 

x=z -: 

a 

where, since a, b, c, denote known quantities, x will de- 
pend for its value upon y; so thtit, whatever value is as- 
signed to y, X will assume a corresponding value." 

Again, if the equation be solved with respect to y, it 

will give c — ax 

y — — 7 — ; 



* Particular Examples should be solved by such general equa- 
tioiw as Ex. 73, 76, 80, 85. 
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and y being expressed in terms of x, it will be dependent 
upon it, and may have an unlimited number of values, 
corresponding to those assigned to a?. It is plain, there- 
fore, that other conditions must be given, in order to 
enable us to determine the value of either unknown, and 
consequently that of the other: such conditions are given 
by other equations, which hold tru« simultaneously with 
the given one. 

To illustrate this, let us take the equation 

ar+y = 12. 
Here, the only condition laid down is, that the sum of the 
two unknowns must be 12; and it is obvious that the 
equation can be satisfied by a great many numbers. 



Ifa?=:5, y=:7 


If «=:16, y=z-^4 


« = 2, y=10 


« = — 3, y=16 


a?=rl, y=ll 


af=— li, y=13i 


ar=:3i, y=8i 


a?=r8, y=:4 


a? = 2i, y = 9| 


a:=14f, y = — 2f 


&C. 


&c. 



Let us now introduce another condition, namely, that 

the difference of the same unknown quantities must be 4, 

or that 

X — y=i4: 

then X- and y become at once determinate, and are respec- 
tively 8 and 4. Kthe equation x — ^ = 4 be considered 
by itself, there is an infinite variety of numbers which 
would satisfy it. Thus, 

If aj=20, y=l6 If a? = —3, y = — 7 

ar=z7, 3^ = 3 'ar = — 1^, y = — 5^ 

X'=i\y y = -^3i ar=8 y=4 

&c. &c. 

Among all the above solutions, there is only one, 
namely ar::?8, y = 4, which satisfies both equations at 
once. 
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135. When each equation contains a separate condition, 
not fulfilled by another equation, nor derivable from it, the 
equations are called independent* Thus the equations 

a?+y=12, ar— y = 4, 

are independent of one another, as they involve separate 
conditions: the equation 2x-|-2y=r24 does not involve 
any new condition, separate from that given by a;4'^= 12, 
and is not therefore independent of it. 

In like manner, in the following equations, 

x + 2i/ — 32; =15; 
3a: — 4^+ *= ^» 
4ar— 2y— 2«=205 

the first and second involve separate conditions, but the 
third is the sum of the other two; it contains therefore no 
new condition: it is not independent, and consequently 
is of no use in determining the values of the unknown 
quantities. 

From this we may conclude, that in order to determine 
the values of unknown quantities, there must he as many 
conditions as there are unknown quantities, and there/ore 
as many equations as there are unknown quantities.* 



* If the independent equations be fewer in number than the un- 
known qnantities, there ere too few conditions; end if Ihey are more 
numerous, they may give conditions which are impossible, or incon- 
sistent with one another; and, when differently combined with one 
another, may give different values of the unknown; or, though they 
should not happen to give such conditions, they are not required for 
the solution, and are therefore useless. 

In a series of connected equations, it is not necessary that each 
equation should contain all the unknown quantities which are to be 
determined; but merely that each equation of the aeries should give 
a separate condition. 
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Pbob. I. To solve simple equations ewUmning two 

unknown quantities* 

BUIiE I. 

136. V' If. the coefficients of one of the un- 
known quantities he not the same in hoth equa- 
tions, multiply or diyide one or both equations 
by such numbers as will render those coeffi- 
cients the same ; 2^* destroy the terms thus ren- 
dered identical; by adding or subtracting the 
equations, and one of the unknown quantities 
will be eliminated; 3""' from the resulting equa^ 
tion, find the value of the unknown quantity 
which it contains; 4"*' then the value of the un- 
known, which was eliminated, will be deter- 
mined, either by repeating a similar process upon 
the given equations, or by substituting, in either 
of them, the value of the unknown already 
found. 

EXAMPLES. 

1. From the equations 

ax^b^^c, 
afX'\-i/y = e^; 

required the values of x and y. 

Here, multiplying all the terms of the first equation by a\ 
the coefficient of x in the second, and the terms of the 
second equation by a, the coefficient of ^ in the first, 
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which, it is plain, will always render the two first terms 
identical, we shall have 

aa'X'-{'ab'y = acf. 

Subtract either of these from the other, suppose the first 
from the second, and the remainder, 

aVy — a' by = ctd — a'c?, 
or 

(a^ — a'b)y = cu/ — a'c, 
will give 

^ at/ — a'c ^ 

The value of x may now be found either by eliminat- 
liig y> or by substitution. Multiply the terms of the 
first of the given equations by h'y and those of the 
second by 6; we shall thus have the equations, 

aVx'\'hh'y zz Vc^ 
a'hx-^-hVy = hd. 

Taking the second from the first, the remainder, 

(oft'— a'ft>r=:^c— ^, 
gives 

_ h'c—hd 

To determine x by substitution, find an expression for 



* If we had subtracted the second from the first, we should have 

had 

(fl'6— o^ )y =s afc^acf ; 

then by changing all the signs (Art ISO), 



and by division, 






ax^—a'c 




y— 0^— a'6' 


the same as before. 
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it from either of the given equations, suppose the first; 

this will be , , 

^ c — by e by 

a a a 

Substitute for y^ in this equation, its value 

cu/ — a'c 
ab'—a^V 
and there will be found 

c ,€u/ — a'c 
a aU — a'b 

whence, by reduction to a common denominator, by sub- 
tracting the fractions and afterwards reducing, there re- 
suite finaUy 



2. Given, ar-j-y^S 

X — yzz 1 
to find X and y* 

Here the coefficients being already the same, it is plain 
that the addition of the members will eliminate y^ while 
their subtraction will eliminate x: adding, we have 

2a: = 6, 
and therefore 

a?=3; 
whence, 

y=2: 

if we had subtracted, we should have had 

2y = 4, 
and therefore ^, o . 

whence, a? = 3. 



* The same value would have been found by substituting the 
value of y in that of x, deduced from the second equation. It i» 
useful to vary, as much as possible^ the modes of solution. 
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3. Given, 2x4-^ = 35 

5a?_3y=:27. 

It is here obvious, that if tiie first equation be multiplied 
by By y will be at once elimioated. Multiplying^ we find 

6a;+3> = 105; 
5 a:— 3yrr 27; 

addition gives 1 1 a; =: 1 32 ; 

therefore, a; = 1 2. 

But, from the first equation, 

y=35— 2jr^ 
whence, , y = 35— 24 = 11; 

substitution being in this case the more nmple method. 

4. Given, 5ar + 7y = 201, 

8ar— 3y=137. 

Here, to eliminate y, multiply each equation by the coef- 
cient of y in the other, and there will be obtained 

15a?+21y = 603, 
66ar— 21y=:959; 

adding, 7 la; =1562; 

whence, x = 22. 

But, from the second equation, 

8x— 137 



y = 



3 



176—137 39 ,o 
y=: ___=,_= 13. 



5. Given the equations 
2« 



3 ■4+iy+« = 8— fy+^Jj, 
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Here, 12 and 6 are the least common multiples of the 
denominators; therefore 

8ar— 48+6y+12ar=96— 9y+l, 
y_3a?+12= l_12aj+36. 

By reduction, these become 

2a«+15yz=145, 
9«+y=25. 

Dividing the terms of the first by 8, and multiplying those 
of the second by 3, we obtain 

4a?+3y=29. 
27ar+3yz=75. 

Taking the first from the second, the remainder, 

23 a; = 46, 
•gives ' ar = 2 ; 

but y = 25~9x, 

therefore y=:7. 



BULE n« 



137. 1°- Find an expression for either of the 
unknown quantities from both the equations; 2"** 
and since the unknowns have the same value in 
each^ equate the two expressions thus found, and 
from the resulting equation find the value of the 
unknown quantity which it contains ; 3"^' substi- 
tute this value in either of the expressions before 
found for the other unknown. 
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EXAliPLES. 

1. Let aX'^^'byIzCf 

Finding the value of a; in each equation, we have 

a 

therefore, since x has the same value in 6ach, 

c — hy ^c^ — h^y 
a "^ a' ' 

Clearing the equation, we find 

a'c — afby = acf — ab'y ; 

by transposition, 

(ab^ — afb)y = acf — a'c; 
whence, ^_^,^ 



a^ 



In either of the expressions for «, found above, substi- 
tute this value of y, as in Example 1, Rule I. ; and there 
will result, after reduction. 



2. Given, 2a?+y=35 

6 a?— 3y=: 27 
to find the values of x and y* 

The solution will be more easily effected by finding y 

from both equations: this gives 

y=35 — 2aj, 

, 5ar— 27 

and y= — 5 — ; 
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therefore 35 — 2a? =: — ^ — ; 

o 

whence W0 readily find 

«=:12. 

Substituting this value of a; in the first expression for y, 
which is the simpler^ we find 

y = 35— 24=11. 

If we fifpt find X from both equations, we shall have 

35— y _ 27+3y 

~2~-""5~' 
whenc# yz=U. 

Then^ by substitution in the first expression for x^ which 

is the simpler, q< 1 1 

ar = fiZliL=12. 
2 

]iui«£ m. 

138. l""' Find an expression for either of the 
unknown quantities^ in one of tiie equations ; 
2^ substitute it instead of that unknown in the 
ot}ier equation ; 3"^ from the resisting equation, 
find the value of the unknown quantity which it 
contains ; 4"^ and the value of tiie other will be 
determined by substitution. 

EXAMPLES. 

« 

I. Given, cuv-f2y=rc 

a'x+l/^zzi/ 
to find X and y« : 

From the first equatioii, we have 

e — b^ 
a. ■ 
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which, being substituted for « in the second, gives 

a 
By multiplication, this becomes 

whence, at/—a'c 



Substituting this value in the expression for a;, we find 



xz=: 



al/^^b' 



2. Given, 2«+y=:35, 

6a^-3y = 27. 

From the first, 

35— y , 

"^ 2 
putting this in the second, we have 

6x^^-3y=:27: 

by multiplication, 

I76_5y— 6y = 54; 

whence 

121 = lly, 

and 

ii=y; 

consequently «- , , 

« = — :r — =:12* 



3. Given, x+^ = (h 

a* — y* = ft. 

Here, firom the first equation, 

«i:ii— y. 



nifPLS KQUATIONS. 185 

-which being put in the second, gives 

(a_y)«_y« = 6, 
or 

a*— 2 at/+^—^' zzb; 
whence 

a* — 2ay^zhy 
and 

then, by substitution, 

a^—b 

2a 
by reduction, 

2a 



BULE IV. 

139. l*^ Multiply one of the equations by any 
assumed quantity ; 2"^ from the product, subtract 
the other equation ; 3"^ and, in the result, assign 
such values to the assumed quantity as will make 
first one, and then the other, unknown quantity 
vanish. 

Given, 2a?+3y = 23 

6ar-^2y=:10. 

Multiplying the terms of the first by an assumed quan- 
tity, «i, we have 

2fnx+3mp=z23mi 
from this take 

5«— 2y=10, 

and there remains 

» 

(2iii_6)«+(3»i+2)y = 23m— 10. 

Q2 
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Now, m bein^ arbitrary, we may take it such that x 
shall vanish: we may therefore put 2m — 5 = 0; whence, 
2 m =5, and mzz2^: we shall therefore have 

(5_5)a:+(3x2i+2)y=23x2i— 10; 
or simplifying, 

that is, 

19y = 955 
whence 

Agidn, to make y disappear from the same equation, 
we must have dm 4-2 = ; therefore m = — § : hence, 

by addition, 

19ar = 76; 

whence 

ar = 4. 

As another example of this method, take the general 

equations 

€ue'\-byzsCf 

Multiplying the first by m, and subtracting the second 
from the result, there remuns 

(am — a^)x+{bm — l/)y^em^^e\ 

Now, to destroy or, put 

am — a'=0; 
therefore 



and 



am z= a\ 



a' 
mrr-; 
a 



whence^ by substitution. 
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Multiplying by a, we have 

whence* * * 

' ac — ac ^ 

or, changing all the signs (Art. 130), in order .to have the 
aame denominator as before, 

^a(/ — a'c 

as by the former methods* 

Again, in order to make y vanish, put its coefficient, 

bm — ^ = 0} 
therefore 

bm^b^, 
and 



whence, by substitution, 



« = -j; 



(a - — a)xrz c-r- — c: 
o 

clearing of^fractions, 

{ab^—a'b)x:=zyc—b€': 
Vc—bd 

the same as by the other methods* 

140. With respect to the comparative advantages of 
these different methods, it may be observed, that the first 
18 in general the most convenient : the second and third 
almost always give rise to fractions, from which the re- 
duced equation must be afterwards cleared. In the first 
method, also, the addition and subtraction can be per- 
formed, when the coefficients are not large numl>ers, at 
the same time with the multiplication or division, which 
shortens the process considerably. The fourth method 
will often be found the most expeditious. 
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EXAMPLES TOB FSACTICE. 



Gi?en Equatiyis. 

1. «+y = 5, 
X — yz^ 1. 

2. x+y=19, 
y — a?= 5. 

3. 3a?— 2y=zl4, 

4. 4j:+2y=26, 
2x— yzi 3. 

5. 3y+6ar=15, 
6x— 3y= 9. 

6. 5y-— 5 a? = 15y 
3x+5y=:71. 

7. — 4j:+3y=13, 

2y— 6ar = — 8. 

8. 5ar— 2y+4 = 0, 
4«+y_28 = 0. 

9. 10ar = 2+2y, 

4y=20— 4x. 

10. aa:+fty = c, 
dx+fy = A. 

11. a;-)*y = ^ 
X — yzizd 

12. 3x+2y=:4 
4y— 3«+l=0 



Answbes. 

Xzz3. 
y = 2. 

a?= 7. 

y=12. 

jr=8. 

y=5. 

arc= !• 
y = 5. 

jc = 2. 

ar=: 7. 

xzz 5. 

ar:= 4. 
y = 12. 

ar=l. 
y = 4. 
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OiTen Eqnatioiu. Amiwbbs. 

be 



],3. ox =^9 



a+6' 



. ae 

14. 6v—2zzz^, t7 = f. 
6z — 6»=:5. 2J = |. 

15. 1+^=35, . x = 40. 

|+x=z45. y=15, 

16. 3t+y = |> x = i. 

17. 1+1 = 7, xrzlO. 

1+^=6. y= 8. 

18. 3 a; — 7 = 4+x+y, y = 103. 
2y+79 = 5x. ar= 57. 

19. px+y^h '^T+^' 

. ^-1^=2. ^=iTy- 

20. 6x— 8i=7y— 44, « = 4i. 

2ar=zy+f y = 8f. 

01.IL. 4« + «l 

21. ax+ovzzn, xsc — ^1- — 

oa 

, - _ 2n4-i» 

46y— 2ax=rm. yj= . * ■ 

22. 1+1 = 6, 4f = 12. 
| + | = 5|. ^ = 16. 
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Oifen Equations. Answers. 

23. | + 5y— 1 = 82, x=:i2. 

5*_| + } = 57. y=l6. 

24. | + 8y=194, jp=zl6. 





| + 8ar=131. 




y=24. 


25. 


(*+5)(y+7) = (a:+l)(y- 


-9)+112, 


«=3. 




2ar+10=3y+l. 




y = 5. 


26. 


3x— 2y=14, 


. 


«=18^. 


■ 


6d:— 4yz=28. 




y=20if. 


27. 


a , ft 

- + - = m, 

X ^ y 




he — oc? 
""n6 — »Mi' 




- + -=«. 


' 


6e — ad 
^ me — na 


28. 


«+y+A=i> 


V 


* = A' 




2— 5y+10jp=0. 




y=f. 


29. 


_iy+3x = 3j, 




ir=2. 




— «+7y=33. 




y = 5. 


30. 


4d:+6y=-^, 




3 a 
' = 4-6- 




5a 
5y— 34?= 2^. 




5 a 



31. 1+1—7=3, ^ = i. 
-_?+7 =— 5. y = i. 

d? y 

32. *+^(x«+y) = a, "^- 2(0+5) ' 
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Gwen EqutioDS. AmwBBi. 

33. !fld+3y_4=15, y-S. 

3y— 5 

-i^+2x_8 = 7f. , = 7. 

34 _fL__*_ _ 2y— 6o« +c 

ft+y-3a+*' *- 3^ 

«x+2«y=c. . y=?^=|!±f. 

37. d:+y= 18.73, x = -39.8121. 
0.56x+13,812ly =763.4. y= 58.5421. 

38. x+y;a::jp-^y:6, , « = i(a+6V4- 

39. bcx = cy—2b, «=-. 
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Otreo Equations. Awiwbb*. 

41. 7x+6 4y-9^ 13-^_3y--x ^^ 

11 ^ 3 2 5 ' 

3*+4:2y — 3:: 5:3. y=:9. 

42. — : 3 = 5_jg. «=4. 

^+^+H:|-|+*:'">i:li. sr=3. 



6y+2 3 ay— 31 



12y_:^0:^ r-z^_+l(te+13 
43. 4+ j-j y+ ^3- 



2* 3x— 5 _ 4jy+^-° 2 

T~ y+7 - 6y+27 • ^- • 

,. 4x— 2y+3 18 — x+5.y _x y i 77 

44. _ =__-_|_7t^ 

2x_y+15:y— 2x+15::|-| + f:|— 1+^. 

^fi«« x= 18. 
y=24. 

45. 3j+5y= ^ ^'p ' 

»— / 
6/ 
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Pbob. II. To solve simple equations containing three 

unknown quantities. 



RULE I. 



141. I'^Eliminate, by the rules of the last Prob- 
lem^ one unknown quantity from two of the 
equations ; 2^ and then the same unknown from 
the third equation, and either of the other two ; 
3"^ and from the two resulting equations, find die 
values of the two unknown quantities which 
they contain. 

EXAMPLES. 

1. Given, 6x — 6y-(-42?=15, (1) 

7«+4y— 32f=19, (2) 
2x+ p+6zzz4G. (3) 

Here z will be most easily eliminated: to effect this, mul- 
tiply equation (1) by 3, (2) by 4, add the results, and 
there is obtained 

43*— 2^=121. (4) 

Again, doubling equation (2), adding the result to (3), 

we find 

I6x+9y=84. (5) 

Solving equations (4) and (5) by any of the Rules of the 
last Problem, we find 

a?=3, y = 4; 

and hence, by substitution in equation (3), 

zzz6. 
R 
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2, Given, «4.2y— 32f=15, (1) 

3a>^-^^+ z= 6, (2) 
x+3y+3zzz40. (3) 

From equation (1), 

a?=15— 2y+3z; 

which being substituted (Art 138) in (2) and (3), gives 

45 — 6^+92? — 4y+ « = 5, 
U—2y+3z+3sf+3z:=:40. 

By reduction, these become 

10y_10j2f = 40, 
or • y — zzz4, 

and y-)-62;=:25; 

whence we find (Art* 136) 

ar=3, y = 7, 
and therefore 

xzzlO. 

3. Given, A;-|-y+2;=:29, 

^+2^+3^; = 62, 

From these we find 

«=29— y— Zy (1) 

a: = 62— 2y— 32r, (2) 
aj=:20— §y— i;p. (3) 

Equating (1) and (2), and also (1) and (3), and reducing^ 
we find 

y+2«=33, 
2^4-32^ = 64$ 

from which we deduce 

«=12, y=9; 

and therefore 

x^S. 
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BULE n. 



142. l"*' Multiply two of the equations by auy 
two assumed quantities ; ^ from these products, 
subtract the remaining equation ; S"*' in the re- 
sult, assign successively such values to the as- 
sumed quantities as will make two of the 
unknowns vanish at once; 4""' in the expres- 
sions for the unknown quantities deduced from 
the three equations thus found, substitute the 
values of the assumed quantities, determined 
from the condition that the coefficients must 
vanish ; and the values of the unknowns will be 
exhibited in known terms. 



EXAMPLES. 

1. Given, ax+by+cz z:z d^ (1) 

a'x+b^2f+f/z = d', (2) 
a"a?+ft"y+c"^ = cf', (3) 

Multiply the first by any assumed quantity, tn; the se- 
cond by any other quantity, n: then adding the results, 
and subtracting the third equation, we find 

dm+d'n^^'\ (4) 

Since m and n are arbitrary, they may be taken of such 
value that x and y shall vanish firom this equation. Now, 
in order that this may take place, their coefiicients must 
become zero; that is, we must have 

bm+l/n:=zl/\ 
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On thii hypothesii^ equation (4) will become 



From the equations 

m and n can be readily determined by any of the Ruleii 
of Prob. L: these values are 

By substituting these values for m and n in that of z^ and 
then reducingi the latter becomes 

~ c {j3fa"—a'y')J^(i\M'— ha!') — d\aJbf—ha!)* 
Agaiui to make x and z vanish^ we must have 

On this supposition we find, from equation (4), 
(bm+l/n^l/')l/ = dm+d'n^d''; 

, dm+d'n—d'^ 

whence, y^j—^-—.. 

the values of tn and n, in this case, are 

a''(/^a'</' 



ms 



nsi 



Of/ — a'c * 
ad'^alo * 



Substituting these as before in the value of y^ and reduc* 
ing the compound fraction, that value becomes 
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__ d{c^a''—a'c'')+dXac^'—ca'')—d%at/—ca') 

Lastly, to make y and z disappear, we require the con 
ditions. 

Proceeding as before, we shall find 

_ dm+d'n—d'\ 
am 4^ an — a" 

and by substitution of the values which m and n have in 
this case, 

_ d{d y'—ye')4cd'{hd'—eW)—d'\hd—cV) 

143. These three formulae may be put under more 
symmetrical forms, by performing the actual multiplica'* 
tionsy arranging the terms with respect to the accents 
upon a, and so as to make the terms alternately positive 
and negatiye, and by changing all the signs in the nume- 
rator and denominator of the values of x and z^ which 
wUl not alter those values: the forms thus deduced are 

_ d]b/d'—dc!WJ^cd'W—hd'd'J^hdd''—cyd'' 
^ '^ ab'd'—adW J^ca'y'—bdd' J^hc'a!'—cVa"^ 

__ ad'd'—add" '\^ca'd"—da'd' J^ddd'—cd'a!' 
y - iiUd'—adV' + cdW— ha'd' + hdd'—cVa''^ 

_ ayd'f—ad'V'^da! y'—ha!d''\Ma''—dbfa!' 
^- ayd'—adW'{'Ca'W—ha!e'Jt^a!'—cya!*^ 

EXAMPLE. 

Given, 7ar+5y+22f z= 79, 

Sa:+7y+9:»=122, 

to find x^ y, z* 

R2 



Companng these with the three general equations at tha 

beginning of the la^t Art. we perceive that in this case 

a = 7, bts5, e = 2. d=79i 

a'=S, b'=7, c-=9, ^=122; 

a"=l, A"r=4, e"=5, <f'=55. 

Substituting these numbers in the general formuhe, and 

actually multiplying, we have 

2765— 2844+976— 3050+2475— 770 _ --448 _ ■ 
'- 245—252+ 64—200+ 45-^14-— U2~ 
The values of the two other unknowns, having the aami 
denominator as that of x, are found more readily ; they 

When one unknown is thus determined, the others may 
be found by the Rules of ProK I. of this Section. 

144. The notaSon by accents, which has been employed 
for expressing the coefficients in the general values in 
Art. 142, has led to the observation of a. law, by which 
these values may be derived directly without elimination^ 

We have seen that in the general equations 

a'jr+6'y = c', 
the values of x and y are 

_efi' — fie" ^ae' — ca" 

This common denominator is found by pladng the ngu 
wdntu between the two combinations* ab and ha di the 



tie the pnneiple, that two r]uaDti(Ifi no 
, Ihree in six ways, four in twentjr-four 
iuciple is bcre UMd, it is hi obTious at w 
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coefficients, and accenting the last letter in each product. 
Then, if in this denominator, ab''--ba'y we replace a and a', 
the coefficients of x in the given equations, by e and c'j 
the known quantities, the numerator eb' — he' is formed. 
The numerator of the value of y, formed in the same 
manner, is ac' — ca'; h' and 6, the coefficients of y, being 
replaced by c' and c. 

145. Since, in the common denominator ab' — ha\ there 
are all the possible combinations of the letters a and by it 
is natural to expect that in the case of three unknown 
quantities, ar, y, Zy with three known coefficients, a, 6, c, 
all possible combinations of the latter will occur in the 
denominator. To find this common denominator, form 
all the six possible combinations of the product, abcy of 
the coefficients. Connect these by the signs pltis and 
minuB alternately, and in each product mark the second 
and third letters by the single and double accents (') ('') 
respectively : this will give for the common denominator 
of the three values, 

aW—acfbf'+ca'V'—ha'cf'+hc'a"—cb'a:\ 

which is the same as the denominator of the values in 
Art. 143. From this denominator, the numerator of the 
value of each unknown will be formed, by putting in 
place of the coefficient of that unknown in Uie denomina- 
tor, the letter which expresses the known quantity, and 
leaving the accents unchanged. Thus, to find the numera- 
tor of the value of Xy change a, a', &c of the denominator, 
into dy d'y &c.; for y change 6, b'y &c. into dy d\ &c.; 
and for z change c, c', &c. into dy d'y &c. This process 
gives the three numerators of the general values found 
in Art. 143. 

146. This method may be still farther extended to 
equations containing four unknown quantities. 
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Let there be four such equations : 

a'x+b'y+c'z+d'u = «', 
a"x+b"y+c''z+d"u = «", 
a'"x+b'''f/+c'"z+d"'u = e'". 

To find the common denominator, form all the twenty- 
four possible combinations of the four coefficient^, a, b, c, d; 
connect them by the signs' plus and mintis alternately; 
and mark the second, third, and fourth letters by the 
aiccents (') (") ('"), respectively. The same may be done 
more readily by introducing the letter d into each of the 
six products 

abc — acb+cab — bac -|- bca — cba : 

each of these will then be capable of being arranged in 
four different ways, according to the position d occupies. 
Thus, by introducing d^ the first will give the four fol- 

abcd — abdc-^adbc — dabc; 
the second will give 

acbd^'-acdb+ddcb'—dacb ; 

and so on of the others. The whole denominator will 
then stand thus with the accents : 

ab'c"d'"—ab'd"c"'+ ad'b"c"'—da'b"c'"+ ac'V'd'"— 
ac'd"b"'+ad'c''b'''''da'c'^'''+ca'b''d''''-ea'd'^^^^ 
—ddci'b'*' + ba*c*'d"'—ba'd"c'" + bd'a"c'" —dh'a!'c"'J^ 
be'a!'d"' — bdd"d" + 6d'cV" — d&'cV" + eVa"d'" — 






The numerators may be deduced precisely as before, 
from this common denominator ; namely, by putting, in- 
stead of a, a', &c. in the denominator, the known quan- 
tity >, €^f &c« for the value of xi for that of y, by putting 
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€, e'y &c« in place of bf b% &c.; for that otZf a, e'> &c. for 
C) c'y &c; for that of ti, e^ e\ &c. for i;{, cf, &c. 

In this way the numerator of the value of x would be 
found to be 

c&'df'V + cd^V'd^^—d&Wd*'. 

The numerators of the others would be found in the 
same manner. Any equation containing four unknown 
quantities, may be solred by means of these general 
values, by substituting numbers for the letters. Thus, 
let there be given the equations 

x+y+z+uzz^l, 

2x^^+3 z—S u = 26, 

X — 2y+z+u^ 16, 

Ax^Zy^J5z~^uzz 17. 

Comparing these with the four general equations above) 
given, we have 

a=l, 6=1, c=l, dzzly «=31 

a'=2, 6'=— 1, c'=3, d'ss— 5, e'=26i 

a"=l, 6"=— 2, c"=l, £^'=1, c"=16i 

o'"=4, 6"'z=3, c'"=_6, £f'"=— 4, c'"=17. 

Substituting these numbers in the preceding general 
values, and performing the multiplications and the divi- 
sion, we find 

d( = 15; 

and in a similar manner, or by the preceding Rules for 
equations with three unknowns, we should find 

y=:6, ar = 7, «=4- 
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This method might be extended to any number of 
equations ; but it is tedious and troublesome. 

147. Either of the Rules of the last Problem may be 
applied, with slight modifications, to equations containing 
four or more unknown quantities. Thus, by Rule IL 
each of the given equations, except the last, may be mul- 
tiplied by an assumed quantity, as m, n, jp, &c.; and from 
the sum, the last being subtracted, m, n, jp, &c. may be 
determined so as to make all the unknowns but one van- 
ish. The value of each may be thus found; or, accord- 
ing to Rule I. the unknowns may be eliminated one by 
one. This latter method is generally to be preferred to 
any other, in solving particular examples. 

BXAHPLBS. 

1. Given, 2ar— 3y4.22r=:13, (1) 

4u— 2«=30, (2) 

4y+2ar=14, (3) 

6y+3tt=:32. (4) 

Here it is evident that, if the difference of (1) and (3) 1>e 
taken, z will be eliminated: this will give 

7y— 2x=l; (4) 

and that, if equation (2) be multiplied by 3, and equation 
(4) by 4, and the difference of the products taken, u will 
be eliminated: we thus get 

20y+6«=38. (6) 
Combining this equation with (4), we find 

y=i, 

and «=3, 

also 4u — 2a? = 30; 

hence we find, by substitution, 

tc = 9, and jr=:5« 
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2, Given, 7x—2z+3u^l7, (I) 

4y— 2^+^=11, (2) 

6y— 3»— 2tt=8, (3) 

4y_3ii+2*=9, (4) 

3;7+8tt = 33. (6) 

Here, eliminating x from equations (1) and (5), we find 

21;v+25tf=ll7; 

whence, by division, 

117— 26i# 

21 
Substituting this value of ;c in equation (3), we obtain 

^ 117— 25t# . ^ 

which becomes, by reduction, 

35y+lli#=l73- (6) 

Again, in order to find another equation which may be 
combined with this one, so as to determine either u or y, 
substitute in equation (2) the value of «, deduced from 
equation (5) ; and, after reduction, there will be obtained 

I2y+l6u+3t:=:99* 

Combining this with equation (4), and eliminating f , there 

is obtained 

12y+41i«=171. (7) 

From this last equation and (6), we readily find the value 

of tf to be 

«=:3; 
whence, from (6), 

also, from equation (5), 

3r = J(33-24) = 3; 
from equation (2) or (4), 

*=1; 
and from (1) or (3), 

x:s:2. 
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EXAICPUSS FOB P&ACTICE. 



Given Equations. 

1. a?+y— ;2f=23, 

2. a?+y+« = 33, 
z—x—y::z 1. 

«+y— ^ = 26, 
x — ^y— « = 9* 

4. «+y+«=29i, 

«-y+af=13f. 

5. a;-|- y-|- 2r= 53, 
^+2y+3«=zl07, 
x+3y+42f=137, 

6. X+2P + ZZZI69 

3+2 + 6- *' 
2j;+4y— 3«r= 7. 

7. t>+4i«+3w = 18, 

3v—2u+4w :=zU, 
4r+6t«— 5i«f=: 1. 

8. 2t;+4u— 3t£^ = 22, 
4«— 2tf+6t£^=:18, 
6v+7u — wzs63. 

9. af+y=10, 

«+z=19, 
y+«=:23. 



Answees. 
^=20. 

y=15. 

z=zl2. 






6. 
11. 
17. 



x=:20. 

y= 8. 

z^ 3. 
x=l6. 

y=7}. 

2r=6f 

ar:r23. 
y= 6. 
;r=r24. 

x=:3. 
y=:4. 

2=6. 

v=:l. 
tf=2. 
10=3. 

vs:3. 
tt;=7. 
i«>=:4. 

a?= 3. 
y=7. 
2=16. 
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Given Eqnations. 

10. or— 2=z 1, 
2y+z=:ll, 
2a;+3y=23. 

11. a?fy4.« = 30, 
8d:+4y4-22;=50, 
27j:+9j^+3« = 64. 

12. 42+12y+7« = 128, 
7«+ 3y+3«= 60, 

13. 4«— 5y=35, 
7«— 2y=22, 
2z+ a; = 68. 

14. 3ar— 41— 9y+8« = 0, 
—5 ar+ 4y +20 +2 « = 0, 

1 1 ar_7y— 37— 6 « = 0. 

15. 3z = 2a:, 
2«+y=34, 

y+z=18. 



16. ^+2. 



3 

y+« 



-3a? = 



3a;-f-y — z^ 



21, 

—65, 

38. 



An»W1IK8. 

«=:10. 

y= 1. 

Z3= 9. 

y=-7. 
z = 36^. 

«=3. 

y=5. 

«=8. 

y=i7. 

«= 8. 
z=30. 

x= 2. 

y=— 3. 

z= 1. 
a; = 12. 

y=io. 

«=: 8. 
x=24. 

y= 9. 

2;s: 5. 



17. 



W- 

X z 

y ^ 



= 0, 



x = 



5^ = 



2 

5+ni' 

2 



r = 



6+ 



S 
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Answers. 



18. 


i^H- 




x=2. 




i+i=». 




y=4. 








« = 6.» 


19. 




32, 

15, 
12. 


x=12. 

y = 20. 

2=z30. 


20 


«iy = nar, 




^_ «^/> 


JiXJm 


«p+i»(/?+gr)' 




;i«=ga?, 




«»/> 




«p+i»(/?+gr)' 




*+y+^=«- 






21. 


aa?+5y = c, 




ce — bf 

"" ae — bcC 




dr+«y=/ 








gi/+fiz=zL 




_a{el-fg)^{bl^^) 
^- h{ae^J)d) 


22. 


X'\'Zzzb, 
y+2r = c.t 







* This equation may also be soWed by substituting for o, 6, &c. 
in the last equation, their numerical values in this one. 

f This equation is most easily solved, by subtracting each equa- 
tion severally from the half sum of the three. 
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Given Equations. AnswERg. 

23. x—9y+3z—lOuz=: 21, j?= 100. 
2x+7y—z— tt=z683, y=60. 
3x+y+5z+2u=zl95, zzz— 13. 
4x—6y—2z—9u=:5l6. u=z 50. 

24. a:— y = 2, -p_.7. 

* — *^ ^3, yzizS, 

y+«=9. 2 = 4. 
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CHAP. VIII aUADRATIC EQUATIONS. 



SECTION I. — QUADRATICS COVTAJNISG OKE UNKNOWN 

QUANTITY. 

DEFINITIONS. 

Art. 148. Dbf. I. A quadratic equation, or an equa- 
tion of the second degree^ is one in which the unknown 
quantity is in the second power. 

149* II- A quadratic which contains the second power 
only of the unknown quantity, is called ajtmre quadratic; 
while one that contains both its second and first powers, 
is called a compound or adfected quadratic Thus, a pure 
quadratic is of the form aa^ = d=5; while a compound 
quadratic is of the form ox* dobxzzdtc* 

150. SchoL It is usual to regard as a compound quad- 
ratic, any equation which contains two such powers of the 
unknown quantity, that the index of one of them is double 
that of the other; that is to say, any equation of the 
form flu*" ± ft«" =r =!z c* 

151. III. That quantity which is independent of the un- 
known, is called the absolute term of the equation : thus^ 
in the above equations, c is the absolute term. 



* A simple equation is often defined to be one which contains 
only one power of the unknown quantity; and hence those equations 
which contain more than one power, are called compound. In this 
view, all pure equations of the second, third, &c. degrees, are con- 
sidered simple equations, and solved as such. We have, however, 
considered them as belonging more properly to another class of 
equations. 



qUADEATIC EQUATIONS. 209 

Pbob. L — To solve a pure quadratic, 

BUIiE. 

152. Simplify the equation by applying Art. 
133, and extract the square root of both members. 

For, the general form being 

asc^z:z z±ic, 

where c represents the aggregate of all the known termi, 
we have by division 



a?* = zfc -. 



a 
c 



and a?==fcv^±- 

a 



EXAMPLE. 



Given, ^/^^y^ = « to find the value of x. 
V^+v{a — X) 



Here (Art. 126) we have 



(a/o — A/a — xY 

i -^ i- =r a; 

X 

or by actually squaring, and then clearing of fractions, 
adding, and transposing, 

2 a — X — aar= 2y^(a* — ax). 
Squaring again, dividing by x, and transposing, we find 

a?(l+2«+a«) = 4a«, 
or 

ar(l+ay = 4a«; 
therefore 

4a« 



x=. 



S2 
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II. To solve a compound quadratic. 

BULB I. 

153. 1"^ Simplify the equation^ by applying- 
Art. 133; 2""' divide both members by the coeffi- 
cient of the higher power of the unknown quan- 
tity; 3*"' add to both sides the square of half the 
coefficient of the lower power of the unknown 
quantity; 4""' extract the square root of both 
sides; 5"^ and, from the resulting simple equa- 
tion, determine the values of the unknown quan- 
tity. 

The reason of this Rule may be explained as follows: 
dividing both members of the general equation 

ax^dtibxzz dzCf* 

by a, and putting, for brevity, 

b c 

we obtain - _. . 

x^:±zpxszzt:q» 

Now, the terms of the left member are plainly the two 
first terms of the square of a binomial, whose first term 
is X (Art. 108); and since px is twice the product of the 
two terms of the binomial, the second term must be ^p: 
the square of this is ^p\ which, being added to both sides, 
gives 

ai^z±zpx+^p^ = z±zq+^p\ 



* The equation ar'db6r=:±:e, is no less general than dtiax* 
dtzbatss dzc; because, if the first term be negative, it can be ren- 
dered positive by changing the signs of all the terms^ 
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The left member is now a complete square; therefore, by 
evolution, and Art. 107, we have 

and by transposition, 

a: z= =Fi;>=fc V^(±^+ii?«.)* 

Since ^p, and the quantity under the radical sign, are 
both affected by the double sign, it is plain that the above 
general formula includes the following cases : 

(-ip+\/(g+ip')> 

1. When a?*+j»a?= +^, xz=< or 

ip+\^(g+ip')> 

2. When a^ — px =+</»« = -^ or 

iP—\/(9+^P^)' 

3. When x^+pxzz — q, a:=< or 

L-iP—\^(—<l+iP^)' 

ip+^/(-qHp% 

4. When «* — px^ — 7, x=-i or 

ii^'/(-8'+ii>*). 

In the third and fourth of these general values, if :^/>'< ^, 
the quantity within the vinculum will be negative, and 
therefore (Art. 107) the values ef x will be impossible, or 
imaginary. The first and second forms will always give 
real values. 



.-^=«. .=j 



«*— j»a:= — q, xzz< 



* Quadratics may be solyed by substituting particular numbers 
for p and q, in the above general formula. This formula, expressed 
in words, gives the following Rule : 



RULE. 



Having prepared the equation as in I" and 2^ of the above 
Rule ; 3'^ to the half coefficient of the lower power of the unknown, 
with its sign changed, annex by the signs liz the square root of the 
sum of tlie absolute term, and the square of the half coefficient. 
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EXAMPLE. 

Given, ai^ + 8x=:33t 

to find the value of x. 

Here, parts 1*^ and 2^ of the Rule are inapplicable ; then 

(part 3°) the square will be completed by addling to both 

sides the square of the half coefficient of Xy that is, 16 : we 

thus get 

«*+8j?+16 = 33+16, 

or 

ai^+8x+l6zz49'f 
hence (part 4"), * 

a?+4=zfc7, 
and (part S"") 

«= ±7—4; 

therefore, 

ar=+7— 4=3, 

and 

a? = — 7— 4 = — 11. 

Applying the Rule in the Note, we have 

ar=— 4±v^(33+16)=— 4d=-v/49=— 4±7=3,or— 11. 

Verifying this equation, we find 

9+24 = 33, 
and 

121—88=33. 

BULE n. 

154. 1°- Simplify the equation, by applying 
Art. 133 J 2"* multiply both members by four 
times the coefficient of the higher power of the 
unknown quantity; 3^* add to both members 
the square of the coefficient of the lower power 
of the unknown quantity, in the original equa- 
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tioD ; 4°' extract the square root of both sides ; 
5*^ and, from the resulting simple equation, find 
the values of the unknown quantity. 

The reason of this Rule may be shown as follows : re- 
suming the general equation 

and multiplying both members hj 4 a, we obtain 

4 a^a?z±z^abx = =±z 4 oc. 

Now it is plain, as in the last Art. that if l^ be added 

to both sides, the left will be a complete square : we thus 

get 

4 a*«* ± 4 ahxJ^h^ = ± 4 ac+6* ; 

and by evolution, 

2aa:dti = ±v^(=t:4flc+6«); 

whence, by transposition and division, 

qp6±^/(±4a£+ft«) , 
X — 



* The value of « may be found from this fonnula by substitution. 
When expressed in words, the formula gives the following Rule: 

RULE. 

Having simplified the equation as in the above Rule, to the co- 
efficient of the lower power of the unknown, with its sign changed, 
annex by the signs :±: the sum of the square of this coefficient, and 
the product of the absolute term by four times the coefficient of the 
higher power of the unknown; and divide the resuU by the double 
of this latter coefficient. 

The second Rule may also be innnediately derived from the first. 
Putting the original equation under the form 

*• "+~ ^1* "i"^ ~T" _ 

a a 

and completing the square, by adding to both ndes the aquare of the 
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EXAMPLE. 

Given, (x^+^x — 3= 25^, to find the values of x. 

Simplifying (part l**-), we have 

3a;«+2a?=855 



half coefficient of x, that is, — , we obtain 

2a 

hence, by evolution, 

Adding the fractions under the radical sign, extracting the root of 
the denominator, and then transposing, we find 

The following method of deriving the same formula, will be a 
useful exercise in managing surds. In the original equation, ax* 
zt:bxs=:±c, it is plain that ax* = (x/^a)*i so that the first term 

of the binomial is xA/a: also, that bx = (xA/aX )X2: so that 

b 6' 

the second term of the binomial is — — .• hence, — will complete 

^ya 4a 

the square ; we therefore have 

(.V.).=t2,^«^-i_ + ^^ = ±c + f^.- 

hence, by evolution, 

b b* 

^ 2^a ^ ^ ^ 4a' 

Transposing, and dividing by ^a, we find 

^^2a ^^ — a^4a»'' 
and by reduction, 

^ _ q = fc db V C : ±: 4ac+b*) 

2a » 

the same as by the two former methods. 
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then (part 2^) multiplying by 4 x 3, or 12, we find 

36«*+24ar=1020, 
and (part 3°-) 

36 a:>+ 24 07+4=1024; 

hence, by evolution (part 4°), 

6«+2=±32; 
therefore 

6a? =30, 
and 

or 

6a? =—34, 
and 

a: = — 5f. 

Applying the Rule in the Note, we should have 

— 2dbv^(1020+4) —2=4=32 ^ ^^ 

ar= ^ ^— ^ = g = 5, or — 5f. 

155. By employing the first of the two preceding Rules, 
fractions will be introduced into the operation, whenever, in 
equations of the form a^z±ipxz=,'±iq^ the coefiicient p is 
odd or fractional. In such cases the second Rule should 
be used, as fractions will not occur till the last. The 
first Rule is preferable when, in equations of the form 
aa;'=l=&a? = =i=c, a is a large number, as the operation by 
the second Rule is then tedious and troublesome. 

MISCELLANEOUS EXAMPLES. 

« 

1. Given, 60? — 30= 3 a;', to find the values of or. 

By transposition and division, 

a?*— 2j? = — 10; 
therefore, by Rule I. 

a:«_2a:+l=— 9. 
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By evolution, 

ar— l==t^(— 9); 
whence 

orsldsv'C— 9); 

both of which values are imaginary, as is obvious from 

the general values 3 and 4, Art 153* 

2. Given, 5a?*+4a? = 25. •.; required «. 

Here Rule II. is to be preferred; therefore, 

100a*+80a:+l6 = 5l6. 

Evolving, transposing, and dividing, we have 

a? = ~^^^^^^=1.8751&.... or— 2. 67156.... 
10 

3. Given, 3«*»— 2aj*+3= 11, to find x. 

By transposition, 

3a:*"— 2«« = 8; 

using Rule II. to avoid fractions, we have 

36««"— 24a!"+4= 100; 
by evolution, 

6««— 2=±;10, 

whence 

a»=2, or — f; 

therefore, by evolution, 

a? = ^2, or V(— I). 

4. Given, v'(«+21)+^(a?+21)=: 12, to find the va- 
lues of X. 

Completing the square, we have 

^(a;+21)+^(«+21)+i=12i=V; 

by evolution, 

^(«+21)+i = ±|, 
whence 

^(ar+21) = 3, or 
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by involutioD, 

a;-t-21 = 81, or 256; 
whence 

X = 60, or 235. 

We might hare expressed this equation by 

y«+y=12, 
by putting) for conyenience, 

y=;/(a:+ 21). 

3a:— 10 . 6jt«— 40 ^ , ^ 

5. Given, 3x — - — - — = 2+-^ — "— r"> to determine x. 

9 — 2x 2xy — 1 

Multiplying by 2x — 1, and simplifying, and again by 
9 — 2xy and simplifying, we find 

124 a?— 8a:*= 368, 
or 

8ai«— 124a: = —368; 
by division, 

a* — -o^ = — 46. 

Applying Rule I. which is in this case the simpler, we. 

find 

« 31 ,961 .^,961 225 

a:— ya:+-jg.«_4t)+^_^; 

by evolution, 

31 .15 
a?— — =: as — - ; 

4 4' 

whence 

a:=4, or llj* 

6, Given, '^"*'^,K~S = (a^— 2y, to find the values 

x *— i^Qar— -y y 

of X. 

Here (Art. 126), 



i^±^f=^' = (--2)«; 
T 
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by evolution, 

Taking the positive sign, and clearing, we have 

a: + v'C*'— 9) = 3 ai^— 6 ; 
transposing x, and squaring, we find 

««— 95=4a*— 24a?+36; 

by transposition and addition, 

«*— 8a: = — 15; 

which will give 

a; = 5} or 3* 

Again, taking the negative sign, clearing of fractions, and 
transposing, we have 

v^(a?2— 9) = — 4a:+6; 

then, by involution and transposition, 

15a:«— 48a? = — 45; 

from which we easily find 

8±^(-ll) , 
x^ 5 

these two values are imaginary; the two others are reaL 

7. Given, 2a:*+3a^— 5^(2a:«+3a:+9)+3=0, tofindx. 

Here the quantity under the radical sign exceeds the 
quantity outside of it, by 6; therefore, if 6 be added to 
both members, the first unknown term will be the square 
of the second: adding, we have 

2ar«+3a?+9— 5^(2aj«+3a:+9)= 6; 

solving this equation by the usual method, we have 

V'(2a:«+3a:+9) = 6, or —1 ; 
whence, 

2ic*+3ar+9 = 36, or 1. 
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Solving these two equations, we have, from the first, 

ar=3, or — 4j; 
and from the second, 

-3=t:v/(— 55) 

*- 4 • 

8. Given, a?*— 2«s4-a?= 132. 

It is plain that the equation will not be changed, by 
adding a^ to the left member, and then subtracting it; 
this gives 

a*— 2ar»+a«-^«+a:= 132, 
or 

(a^—xy~Qf/'—x)= 132. 

Solving this equation, we find, for the two values, 

a^ — a:=z 12, and a^ — ar=: — 11: 

the first equation gives 

X = 4, or — 3 ; 
the second, _id=v'(-43) 

*- 2 

9. Given, (««— J)*+(«'— f)*=^, tofinda:. 
By transposition, - 

squaring, transposing, and reducing by Art. 86, we find 

--¥v/(==i=')+^=0, 

that is, 

9 2a: ., . ... X* — a* 

^— —-/(«*— a*) + -^r-= 0. 
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which is a complete square. Evolvingy transposingy clear-< 
ing of fractions, and squaring, we find 

whence. 

Solving this quadratic, we find 

2a!« = a«±aV5 = a«(l±v'5)? 
and 



=*V(^)- 



10. Given, 1 = -; required the values of x. 

X a— o: c 

Multiplying all the terms by , and transposing, we 

find 

(a — x\^ h a— cc^ . 
X i c* X '^ 

Completing the square, and extracting the root, we have 

X 2c~ 2e * 

therefore, 

2ac 



JF = 



2c+A±v^(6«+4c«)* 



11. Given, ——.+-- — 49=9+-; required*. 

4 dr X 

Here, it is easy to see that the square will be completed 
on both sides, by adding -^: this gives 

XT 

_ 49+^ = 9+-+^^ 

by evolution. 
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whence> transposing and clearing of fractions, we find 

7«*_6a?=16, 
and 

7a:*+6a?=12: 

the .solution of these two equations gives 

a;=r2, or — f; 
and 



a?= ^ y^ — =0.949..., or— 1.8062 ... 



EXAMPLES EOB FSACTICE. 

I. Pure qtuuiraties. 
Given Equations. Answers. 

1- ^ l = 8f ar = ±4. 

2. ^+aj«=:126 x=z±e. 

3. x«+aft = 5«* x=z±^jy/ab, 

4. ««— 17=130— 2a?« a?=db7. 

6. 3j:«— 4=28+ar« ar=±4. 

6. x«— 6«+9 = 25_30:f+9«* ar=2. 

7. ^=:9a^ y=zz±z3a^ 

8. xW(aH«*) = -^ , = =t:^3. 



lU. , -.. ■■ ' ■■ ' " -■■' SS u «... X^^ i . 

11. 4:*— 2ar+l = 9 .'. ic = 4, or— 2. 

12. ^gf+l)±^*=9 *=|. 

V(4x+1) — y^4a? ^ 

T2 
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II. Compound quadratics. 

GiTen Eqaations. ANSwEl(ff. 

1. a^ — 6x-— 55s:0 ••••• •••• xsllyor— ^« 

2. a:*+12a?+35 = ar = — 5,or— 7. 

3. 2a:«+32i?+ 110 = .i « = — 11, or-— 5. 

4. 2«*— 10j:=100 ^ j:=10,or— 5. 

5. j:«— 8j:+10=19 x = 9, or— 1. 

6. a:«_3j:+|=0 r jr=i, or2^. 

7. X*— 13x+40 = x=:6yOT8. 

8. ««— 7x+44 = icsll, or — 4. 

9. x«+l6x+48z=0 x = — 12,or— 4. 

10. a*_20«+84=0 x=z 14, or 6, 

11. 4a:«— 20«=:336 x=12, or— 7- 

12. 2a:«+3j?— 2 = ....* *....-...,. jr=J, or— 2. 

13. 5x* — 10j: = 75 a? = 5, or — 3. 

14. 3««— 48ff=— 180 . x=10, or6. 

16. y«— y+3=45 y=7, or — 6. 

16. 6x*— 5x+l = ....r x = ^, or^* 

17. |*—12i?=— 40 « = 20, or4, 

12 

18. x+l=, — x=3, or — 4. 

19. a*— 8x=14 x = 4db^30- 

-20. -|.+3i=-+8 x=3,op— 2i. 

21. ^+350— 12x=a dF=70, op60- 

22. x«— ^^a: = yV • x = i,or— |. 

23. Jx*=400+10x a? = 40,.op— 20- 
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Given Equations. Ams^ers^ 

24. -— 3xz=3J a:=10,or— 1. 

25. J— 2x=15 «z=15, or— 5. 

26. d:=l + — - jTzsll, or— 10. 

27. 4«*—8x— 40=100 «=7, or— 5. 

^®' 3~ro+* = ^ • <ar = i, OP— ^. 

29. 5««+35x = 600 xi^8yOT—l5. 

30. — +30a:+144 = ar = — 12, or— 8. 

31. 2«*+26j:+40 = — 20 ar = — 10, or— 3. 

32. 6y«— 33y+45 = y=3,or2^. 

33. -3-+§«+2j=zl0j i x=3,or_4. 

34. 4x*+56d: = 480 «=6,or— 20. 

35. 3a:— ^ar«=zl0 x=6±v^(— 4). 

36. 2««+15 = 3x y_3=fcv^— IH 

37. 3«*=42— 5* *=3, or— 4|. 

38. *«— 6«+19 = 13. x=4.732..., or 1.268.., 

39- -3—^+1^=2 *=f.or-f. 

40. 4ar— 5^—46 = x=12,or— |. 

41. 5ir«— 4«+3=159 «=6, or— 5}. 

^ ^ 35 — 3x 

42. 6^+^^=^—44=0 x = 7,orf 

43. 3a*+g+|=:|4 + -i? * = 3«^or_|. 
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Given Equations. AitsWBBS. 

44. I^+Sx— 50i = 429| ar = 20, or— 30. 

5 

45. ^ = ^ x=14, or— 10. 

a:+60 3a:— 5 

46. 2a:«— 31a?+14 = — 1 x= 15, or i- 

^^ 10_14^^ ^=3,orfl. 

48. 16— H^=^+»/ x=3,or— 4].. 

16 100— 9x ^ ^ ^ oi 

49. — T-o 3z=0 a: = 4, or 2^. 

J? 4ar 

50. — — I-?— 5 = a:=1.14..,or — 0.34.. 

a?+l a? 

51. a:+2^a:=24 a: z= 16, or 36. 

52. 2ar*— 7a:*— 9z=0 j; = 3, or^^^. 

53. y/a^+^a^ =i6y/x a: = 2, or— 3. 

-^'=^' • -.°"i- 

55. i^a^ — 2j^xzzx x=:4, orL 

S^. ff«+13+v'(a:«+13)=56 ... a:=db5, or ±^51. 

57. 1+2-1^ = :c = 4,or4/4. 

58. ^X'\'^3^ — & 0:2=32, or —243. 

59. (a:— 5)'— 3(x-^)* a:=9, or 5+(— 5)*. 

60. a:««— 4a:«=10 a:= ^(2=t ^^14). 

61. a:«+3a:« = 810 a:=3, or ^/HSO. 

62. 2 — ^—22^ = « = 49,op3 
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Given Equations. Ansivbrs 

63, 5 a?6_90a:«— 270=945 a?=3, or^1l9 

64. a?*— 74aj«+1225 = a? = =4=5, op =t=7 

66. afi—x^z=:a ar = J4/1+V'(4a+1) 

66. a:* — 2px — qz=iO x^pdt:/^(jf+q) 

67. J + ^— ? = a:=l=fc>/(l--^«) 

a a? a »^ \ -^ 



68. 4aj:* — 2bxzi:c af=: 



6=fcv^(4ac+6«) 



4a 



69. =r2aa?— car « = 



c c 

70. ^(4a?+5).V(7«+l) = 30 a:=:5, or— i^ 

''• 4=^ = 2-0 -.= 49, or 25 

72. a?«— 2ar+6^(a:«-2x+5)=ll... ar=l,orlz±:2v^l5 

73. •(»^+5)=;j^^ . = 4. or -21 

74. 3««-^*= 3104a?* a?=64, or (— V)? 

75. ada? — aea^Tzbex-'-Jbd a?=z:->or — 

c a 

76. 3aj«+86«— 24aa?= I7b^ .. a?=4o=fc^(l6a«+35«) 

77. ax'-±5a:« = o ^^^^b^^(4ac+b^) 



2a 

78. ^^+^(a-^) = ^6 ^^az±:y/{2ah^) 

79. -+6ar> = c ac±^(aV-4a&) 

a 2 

80. («+6)«-_c* = ^ ^= 2(a4.T) ' 
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SECTION II. — QUADRATICS CONTAINING TWO UNKNOWN 

QUANTITIES. 

Art. 156. The following form is the most general un- 
der which quadratics, with two unknown quantities, can 
appear: 

Now, if we eliminate a^ from these equations (Art. 136), 
and deduce an expression for a;, that expression will con- 
tain ^ and y; and, therefore, when this expression is 
substituted in either of the original equations, the resulting 
equation will contain ^, ^, and y : hence, the solution of 
the two given equations implies the solution of an equa- 
tion of the fourth degree. But when the first powers of 
the unknov/ns are wanting, and the equations have the 
form 

they can be solved as equations of the second degree. 
Besides these, there are equations of various forms which 
come under this Section, and which can be solved by com- 
bining the Eules of the last Section with those of Sect. II. 
Chap. VII. There is not, however, any general method 
of solution, which will apply to all equations of this class : 
their solution is effected by adopting various artifices of 
analysis, which will be best illustrated by particular ex- 
amples. 



* Such equations are called hvmo^eneouti each term on the lefi 
side being of two dimensions with respect to the unknown quan- 
tities (Art. 17}. 
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EXAMFIiESk 

1. Equations of the form 

Of * -|- 5xy -{- c^ =: cf , 

in which the unknowns are similarly involved, will be best 
resolved by putting x =r zy^ deduc^g two expressions for 
yS. equating them> and clearing of fractions: in this way 

^^ ^^* a'dz'+Vdz+t/drz ad'z'+Mz+cd', 
or (a'd-^^')z'+(l/d-JHi')z = cd'-^d. 

This quadratic will give z; y and x can then be defter- 
mined. 

2. Equations of the form 

ic«+y" = a, (1) 
«y = ft, (2) 
may be solved as follows : 

From the square of (1)> subtract four times the nth 
power of (2), extract the square root of the remainder, 
and there is obtained 

«»— ^"zsy^Ca*— 46"); 
combining this with equation (1), we find 

a:={ia+i^(a«— 4*»)J--, 

3. Equations such as 

x+y = a, (1) 
x'+f/'zzb, (2) 

may be resolved by either of the following methods : 
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From ihe cube of (1) aubtraet; (2), aod there remaiiis 

or 

3(«+y)<«y=3c3wy:=«' — b; 
hence, 

a»— ft 

and by substitution, tran^rasituMi, and division by 3 a, 

, *— »» 

therefore (Art. 152), 

y-2=*=V~l2^' 
. hence, 

a /46 — a' 

2^V 12« 

Otherwise, put a; = v-(-^> y = v — 2r; then, substituting 
these in (2), we find 

' - 6v ' 
and 

therefore. 

Now, 

therefore, 

a 



ft — X a . /4 ft 



hence we have 

2-^V 3a "^2 V 12a' 
and 

_^ a Ab^-c^ 

^""2^V "l2a 

U 
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This mode of solution is not applicable to powers above 
the fifth, as a cubic equation would be produced. 

4. Given, ^-hy • ^ — y : : 13 : 5, 

By a well-known property of proportionals, 

2a;:2y:: 18:8, 

or 

x:^::9:4; 

J therefore, 

9y 
4a;=9yy and aj=-^. 

Substituting this in the second equation, (Art* 138), we « 
have 



y«+?|^=25; 



whence (Art. 152), 

y=4, or— 6J; x=9, or — 14^. 

5. Given, I2£±lf=3, (1) 

9ar— 9y=18, (2) 
From (1), 

10a:+y=3ay, 
and from (2), 

then, by substitution and transposition, we have 

3j:«— 5x=2; 
whence (Art. 153) 

x= 2, or —J; y = 4, or |. 

6. Given, «?•— 2«V+y"=49, (1) 

:c*— 2xy+y*-^«+y»=20. (2) 

Equation (1) may be put under the form 

x'^-y)«_(«»-^) = 20. 
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SoWing this quadratic, we find 

X*— y'rsS, OP — 4; 
also from (l)y 

«*— y = db7: 
by subtractioDi 

y' — y = 2y OP — 12; 11, or —3. 
Solving this quadratic for these four values, we find 
y=2, or — 1; a; = =f=3, or ±^6, 
_ldb^/Il47 _ / — 13±VCI47 

y— 2 ' *— =v 2 

1±3a/5 ^ /15±3V5 



1±^— 11 _^ y-.13dbV'_ll 



7. Given, »*+y*+a:+y=18, (1) 

2ars^=12. (2) 

Adding the two equations, and solving the quadratic 
which results, we find 

oj+y = 5, or — 6 ; (3) 

hence, from (1), 

' a:«+y«=13, or24; 

from this taking (2), and evolving, we have 

ai^-y = ±l,or =fc2V3; (4) 

combining (4) with (3), we find 

a?=3, or 2, or — 3=t:V3j 
and 

y=r2, or 3, or — 3=l=\/3. 

. 8. Given, ay+ary*=12, 

a?+xy*=: 18. 

Equating the expressions for x, deduced from these two 
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equations, dividing by •=— — , and then reducing and tran»- 

1+y 



posing) we find 
whence, 
and therefore, 



2y*— 5y = — 2; 
y=;2, or^; 
as: 2, or l6. 



9. Given, a;*+5^=3*, (1) 

ssh+t/izzx. (2) 

From the square of (2) subtract (1), and in the remainder 
substitute for y| an expression deduced firom (2), and by 
transposing and dividing, we shall obtain 

a?<^-4t:l = 2; 

which gives 

a; = 4, orl; 
and therefore, 

y = 8. 

10. Given, \/y+^a? : ^y — ^^x : : i/a?+2 ; 1, (1) 

\rx Vx ' ^ ^ 

From (1), 

Vy : ^x : : /^x+3 : ^x+l ; 
therefore, 

Va3r+Vy = a?+V«/ (3) 

and from (2), 

by transposition, 

y+Vy-V^ = 3x+\^x. (4) 

The addition of (3) and (4) gives a quadratic; solving 
it, we have 

Vy+l=±(2V*+l); 
whence, 

\/y=2Var, and Vys— 2^*— 2. 
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From the first of these values, and from (3), we find 

whenee> 

xs: If 
and therefore 

ys4. 

From the second value, und (I), we obtain 

—^x—2:—3^x—2 : : Vx+2 : 1, 
or 

Vx+2 : 3Va?+2 : : V«+2 : 1 ; 
hence> 

3.V^a:+2=l, 
and therefore 

whence 

and 



EXAMPLES FOB PBACTIC£. 

I. Pure quadraties. 

Given Equations. 

1 . x-j-y = 3 X — 3y, 
or* — y* = 56. 

2. «y+/=126, 

3. j:«+y«:a?«— y«::17:8, 
a^ = 45. 

4. x — y*^x — Vy::8:l, 
Vxy= 15. 

O- ; =: /> 

. U2 



Answers. 
j:=:4. 

a'=: :±;I5. 
y= =fc 6. 

.jc = 5. 

y=3. 

a: =25, or 9, 
y = 9, or25. 

jc=:6. 
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Given Equations. 

1. 4ay = 96— «:y, 

2. ^ + -=V> 
a?— y = 2, 

4. ar+4y=14, 
4a_2y+y=ll. 

5. jp+y = a. 



6* or+yzro, 

7. 6^'— 5jy+2y*=12, 
3:c^ + 2ay— ay* = —3. 

8, d:»+Jfy=12^ 

ay— 2y»=l. 
S. («+y)x=144. 



II. Compound quadratics. 

Ansvehs 

x = 4, or2, or3±^21 
y = 2, or4, or3=pV21 



y=3, or — fty 



a? = ±\/ 



2 
a— ^ 



x = 



X = 2, or — 46 
y = 3, or 15 

ad=V(a'— 46) 



y= 



a:y:V(«' — ^6) 



x = 



y= 



a±:V(2c— a«) 



a=F^(2c— a«) 



y = :±:3, or ± 
x = db23: 



V31 
5 



^rzsdbrSy or ^ 



yz=±:l,or 



V31 
1 



y = ±7,orV2- 
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Given Eqaations. AnswEna. 

10. «»+y»=:«y, ' x=:b+bV^==^. 

11. a;*+y* = 97, x=3, op2. 
^ = 6. ^ = 2, or 3. 

12. x+y=20, «=11, or9. 
x'+y^ = 2060. y = 9, or 1 1. 

13. j:»+y* = 306, x=9, orl5. 
x+y=:24. y=15, or9. 

14. X— 2-v/ay+y-Va:+ Vy =0, ar =z 9, or 6^. 
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CHAP. IX— SOLUTION OF PROBLEMS. 



Art. 157. The object of an algebraical problem is 
to find the value of some unknown qnaittityy by means of 
the rebtions which it bears to othos that are known; and 
ainoe equations haye the same object (Art. 128), it is plain 
that problems may be expressed by equations. In order 
to effect tliis, the data of the problem, at the known quan- 
tities, and the required or unknown quantities, are denoted 
as is explained in Art. 128; and the same operations are 
then performed on these quantities, as are described by 
the conditions of the problem. It is, of course, assumedf 
that these conditions must be such as to establish a mutual 
dependence between the known and unknown quantities, 
and as to be expressible by means of the ordinary opera- 
tions of Algebra. With respect to the number of equa- 
tions which the conditions will give, it is sufficient to 
refer to Art. 135. 

The chief difficulty in the solution of a problem, con* 
sists in adapting the operations to be performed to the 
conditions given by the problem; that is, in the reduction 
of the problem to algebraical language. For this, how- 
ever, no fixed Rule can be laid down; and it must there- 
fore be learned by practice.* 



* Considerable diflScultj is often idt in the first attempts to trans- 
Inte the conditions of a question into algebraic language. To remoTe 
this difficulty, preparatory questions like the following should be 
given, by way of an elementary praxis on this Chapter. 

1. If the less of two numbers is t^ and ths difierence 12, what Is 
the greater? 
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When it lia|>pei»y from the nature of the question, that 
fractional parts of an unknown are to be taken, it win be 
better to represent the unknown by such a multiple of 
Xy y^ &c. as will avoid fractions. The answers which are 
obtained should be verified by trying if they will fulfil the 
conditions of the problem. 

MISOELIiANEOUS PBOBI^EMS. 

1. What number is that, whose half exceeds its third 
part as much as 7 exceeds the number itself? 

Let X represent the number. 
Then the excess of the half above the third of the number, 

XX \ ^ 

is ~ — -; and the excess of 7 above the number itself, 

is 7 — x: therefore, by the conditions of the question, we 
have 

which gives 

or = 6. 

To avoid fractions, we might take 6a; for the number; we 
should then have 

3x — 2*= 7 — 6«; 
whence, 

d;= I, and 6x=6; 

the number required. 



2. What is the less of two numbers, if y be the greater, and d the 
difference? 

3. X persons have £d to pay ; what is the share of each? 

4. Express the two numbers whose digits are «, y, and x, y^ %. 
S^lfa man can do a piece of work in 12 days, how much of it 

will he do in 3, 4, 5, and x days? 

6. A person paid a shillings for x articles; what is the price of 
each ? &c* &c. 
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2. Of a bequest of £4755> B got three times as much 
as A, C as much as A and B together, and D as much as 
C and B. Required the share of each. 

Here> the other shares being expressed in terms of A's, 
let X represent A's share; then B's is 3a:, C's is a:-|-3x, 
and D*s is x+3a;+3a:; then, by the question, we have 

a?+3a?+a:+3a?+a?+3a?+3a?= 4755; 

which gives A's share £317; B's, £951; Cs, £1268; 
D's, £2219. 

3. What two numbers are those whose sum is 40, and 
difference 12? 

Let X be the less of two numbers; therefore, the 

greater is 

a?+12, 
and 

xJ^xJ^\2zzA0\ 

whence the numbers are 14 and 26. 

Or we might call the numbers x and y; and we should 

have 

a?+y=:40, a?— y=12; 
whence, 

xzz 14, y=:26. 

4« If a steam-carriage, starting from London, travel 
26 miles per hour; and one from Liverpool, 24 miles per 
hour; in what time will they meet, and what distance will 
each have travelled, the distance by the rail-road being 
supposed to be 200 miles ? 

Let the number of hours required be x. Then 26 x 
and 24 ar are the respective distances travelled; therefore, 
according to the data, 

260:4.240;= 200; 
whence, 

o;=4» 
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They meet in 4 hours; and the distances passed over are 
104 milesy and 96 miles. 

5. A person having completed two-fifths of a journey, 
finds that, after travelling 30 miles farther, only three- 
sevenths of it remain. Required the length of the journey. 

Let X be the length of the journey. Then, by the 
question, f a?+30 = ^x; 

30 
whence, x =: -s — 5 = 1 050. 

This question may be solved in general terms by putting 

f = a, ^ = ft, 30 = c; 
then 

<iX'\-c:=ibx; 

whence, x = 7 — r- ; 

o— a 

from which we might deduce particular solutions. 

6. If A can do a piece of, work in a days, and B in 6 
days; in how many days will they do the work, if they 
both work at it together? 

LfCt X be the number of days. Then, in one day, A can 

do - of the work; and By ?■: therefore, in x days, they 
a b 

X X 

can do - , and •=-, of the work. 
a b 

Therefore, representing the whole work by 1, we have 
the equation 

ah 

whence^ x = 



from which particular solutions may be deduced. 
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7. How many gaHons of spirits, at 9 shillings per gal- 
lon, must be mixed with 20, at' 13 shillings, so that the 
mixture may be worth 10 shillings per gallon? 

Let X be the quantity at 9 shillings. Then 9^ shillings 
is its price. 

Also, the whole quantity is a?-|-20, and its price is 
10(:r4-20) shillings; and 260 shillings is the price of 20 
at 13 shillings. Then 

9A;4.260=10a;+200; 
therefore, 

a;z=60; 

and the whole quantity is 80» 

8. A person being asked the hour, answered that it was 
between 5 and 6 o'clock, and that the hour and minute 
hands were exactly together. What is the time? 

Let X =: the time past 5. Then, as the minute hand makes 
12 revolutions for one of the hour hand, we have 

12:1:5-1-^:^9 
whence, the time is easily found to be 27^ 6iV^ past 5 
o'clock. 

9* A geoeraly ranging a division of his army in the form 
of a solid square, finds he has 34 men to spare $ but, in- 
creasing the side by one man, he wants 59 to fill up the 
square. How many men had he ? 

Let X and x-f- 1 be the numbers of men in the sides of 
the two squares: then, a^-|.34, and «*4.2a;-|-l— 59, are 
the numbers of men in each. Hence, we easily find the 
number of men to be 2150; and the numbers in the two 
sides, 46 and 47. 

10. There is a number consisting of two digits, which 
is equal to four times ^e sum of those digits; andif 9be 
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subtracted irom twice the number, the digits will be in- 
verted. Required the number. 

Let the digits be x and y ; then the number is 10a?-|-y, 
and the number inverted is lOy-f-rr* Therefore, by the 
question, 

10a?+y=:4(a?+y), 
and 

from which two equations we find the number to be 36. 

11. A merchant sold a quantity of brandy for £39, 
and gained as much per cent as the brandy cost him. Re- 
quired the price of the brandy. 

Let xz= the price of the brandy; then £39 — x is the 

gain. Also, 

ZQ — iT :27:i:rs 100; 
whence, 

«* = 3900— -lOOa?, 
or 

a?«+100a:=3900. 

Solving this quadratic, we find 

a?=x30, or— 130; 
the price is therefore £ 30.* 



* This negative value shows (Art. S), that the question must be 
modified. It will be as follows: 

"A merchant sold a quantity of brandy, by which he lost £39 
more than the first cost, and fbund (hat his loss was as much per cent 
as the brandy cost him. Required the price.*' 

The equation will now be 

a?«=3900+100»; 

and the values of x will be ISO, and —SO: the price is therefore 

£130. The value — SO shows that this question must be modified; 

-when the conditions are changed, it will, of course, be as in the 

text, 

X 
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12. A rectangular bowling-green is of a certain size ; and 
if it were 5 feet broader, and 4 feet longer, it would con- 
tain 116 feet more; but if it were 4 feet broader, and 5 
feet longer, it would contain 113 feet more. Required its 
length and breath. 

Let X = the length, and y = the breadth ; then the 
area =a^. Also, 

(*+4)x(y + 5) = rrj^ + ll6, 
and 

(*+5)x(y+4) = ary+113; 

from which we find 

a:=:12, y = 9. 

13. A vintner sold 7 dozen of sherry, and 12 dozen of 
claret, for £50; and finds that he has sold 3 dozen more 
of sherry for £ 10, than he has of claret for £6. Required 
the price of each. 

Leta:= the price of a dozen of sherry, in pounds; 
then — = number of dozen of sherry for £10, and 

3=: number of dozen of claret for £6: therefore, 

X 

6-i-( — — 3)= the price of a dozen of claret* Hence, 

72 f 
7jc^_ — --=50. From this we find that the sherry 
10 — ox 

was £2, and the claret £3. 

This might also be solved as follows : Let the prices be 
X and y; then, by the question, 

7a?+12yz=50, 
and 

X y 
Deducing two expressions for x from these two equa- 
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tioDS, equating tbem, and solving the resulting quadratic, 
we find y=:£3; and therefore, from the first equation, 
;c=:£2. 

14. The fore- wheel of a carriage makes 6 revolutions 
more than the hind- wheel, in going 120 yards; but if the 
circumference of each wheel be increased one yard, it will 
make only 4 revolutions more than the hind-wheel in the 
same space. Required the circumference of each. 

Let X and y be the number of yards in the circumfer- 
ence of the wheels ; then — and r, — and 



X ar+1' y y+r 

express the number of revolutions of the wheels: we have 

^. . 120 120 ^ , 120 120 ^ «, 

therefore — = b, and -zz 7 — 4. From 

X y a?+l y+1 



the first of these, we find xyz:z20x^^20y; from the se- 
cond, a?y = 29 X — 1 — 3 1 y. Equating these two, deducing 
an expression for a?, and substituting it in the equation 
^=z20(a; — y), a quadratic is obtained. Solving it, we 
find y = 4, and therefore « = 5. 



QUESTIONS FOB PBACTICE.* 

1. What number is that whose half and third part to- 
gether are equal to 20? Ans. 24. 

2. What is that number whose quadruple exceeds its 
half by 14? Ans. 4. 

3. What number is that, the double of which increased 
by by is equal to a? Ans. \{a — h). 

4. What number is that from whose double if a be 
taken, the remainder will heb? Ans. i(«+6). 



* The questions which are sotved in general terms, should be 
illustrated by examples with particular numbers. 
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5. What number is that, - and 7 of which together are 

a , 

equal toe? Ans. 



a + b' 

6. My coat and hat together are worth £3 lOs,; but 
the latter is only one»fourth the value of the former. 

Ans. The hat is worth I4s. the coat worth £2 l6s» 

7. Divide 66 intatwo parts, having the ratio of 11 to 17. 

Am. 34, 22. 

8. Divide £ 150 between two persons, giving the one 
£14 more than th^ other. 

Ans, The shares are £82 and £68. 

9. What is that number, from whose treble if 4 be sub- 
tracted, three-fifths of the remainder will be 12? Ans. 8. 

10. Divide £300 among three persons, giving the se- 
cond £9 more than the third, and the first £15 more than 
the second. Ans. The shares are £89^ £98, £113. 

Solve this question in general tenns, by putting 300= c, 9s=a» 

^^~** ^ rr. . c— 2«— * c+a-^ c+a+2h 

Am. The shares are , — 1 , — = — -' — . 

3 3 3 

By means of these, solye such questions as the following : 

1. A cask which holds 100 gallons is filled with a mixture of wine, 
water, and spirits; there are 15 gallons more of wine than of water, 
and 25 gallons of spirits more than of wine. 

Ans* Water 15, wine 3(^ spirits 55. 

2. Three workmen, A, B, C, were cutting a drain 159 perches 
long, of which B cut 15 perches more than A, and C 24 perches 
more than B. How much did each cut? 

Am* a cut 35, B 50, and C 74 perches. 

11. Required a number, the half of which is as much 
less than 100, as its double exceeds 100. Ans. 80. 

The following is the general statement of this question: 

Find a quantity x, such that mx may be as much less than a, as 

•17 is greater than b* . o4-6 

Ans, *= — •— . 
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12. A post is one-third in mud, one-fourth in water, 
and 10 feet above water. Required its length. 

Ans. 24 feet. 

13. A fish was caught whose tail weighed 9 lbs. its head 
as much as its tail and half its body, and its body as much 
as its head and taiL Required its whole weight. 

Ans. 72 lbs. 

14. If two persons start at the same time from London 
and Glasgow, and travel, the former 36 miles per day, and 
the latter 30; in how many days will they meet, and how 
far firom London, the whole distance being 396 miles ? 

Ans. In 6 days, and 216 miles from London. 

15. The sum of the three sides of a triangle is 75; the 
base is 11 feet longer than one side, and 16 feet longer 
than the other. Required the three sides. 

Ans. 34, 23, 18. 

16. To find two numbers such that their sum shall be a, 

and the one be m times as great as the other. 

. a , ma 

Ans* — — : and 



i»-f-l m-^-l 

17. Divide a into three such parts that the second may 
be m times, and the third n times as great as the first. 

. a ma na 

\'\-m-\'ri l+m+«' x^ra-^-n 

This is the general statement of such questions as the following: 

In a company of 45 persons, there are three times as many Eng- 
lish, and five times as many Irish, as Scotch. Required the number 
of each nation. Am* 5 Scotch, 15 English, 25 Irish. 

18. At a certain election a persons voted, and the suc- 
cessful candidate had a majority of b persons. How 
many voted for each? Ans, ^(a—b) and ^(a+b). 

19* A man, at the time he was married, was three 
times as old as his wife ; but after they had lived together 

X2 
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15 years, he was only twice as old. What were their 
ages on their wedding day? 

Ans. The woman's 15, the man's 45. 

20. A cistern whidi holds 820 gallons, is filled in 20 
minutes by three pipes, of which one conveys 10 gallons 
per minute more, and the other 5 gallons per minute less, 
than the third. How mudi does each pipe convey in a 
minute? An*. 22,7, 12. 

21. Having bought a certain quantity of brandy at 
19 shillings a gallon, and a quantity of rum exceeding that 
of the brandy by 9 gallons, at 15 shillings a gallcm ; I find 
that 1 paid one shilling more for the brandy than for the 
rum. How many gallons were there of each? 

Ans. 34 of brandy, and 43 of rum. 

22. A man and his wife usually drank out a vessel of 
beer in 12 days; but when the man was from home, the 
vessel lasted the woman 30 days. In how many days 
would the man alone drink it out ? An*, 20 days. 

23. It is required to divide 34 into two such parts, that 
the difference between the greater and 18 shall be to the 
difference between 18 and the less, as 2 is to 3. 

Am. 22, 12. 

24. The perimeter of a triangle is 43 ; but one side is 
10 inches longer than the other, which is three inches 
longer than the base. Required the sides. 

Am. The sides are 12, 9, 22. 

25. If A can perform a piece of work in a days, B in 
h days, and C in c? days ; in how many days will they have 
finished the work, if they all work at it together? 

Ans. In -7 r- davs- 

26. If A can perform a piece of work in a days, B in 
h days, C in c days, and D in d days; ia how many 
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days will they finish it, if they all work at it together? 

A T ahcd , 

Ans. In -I — ; — = .: - -— , — , days. 
abc+aod+ode+aac 

27. Find two numbers whose difference is 4, and the 
difference of their squares 120. Ans, 13, and 17. 

28. A hare is 50 leaps before a greyhound, and takes 
four leaps to the greyhound's three; but two of the grey- 
hound's are as much as three of the hare's. How many 
leaps must the greyhound take to catch the hare? 

Ans. 300. 

29- Find two numbers in the proportion of 3 to 4, 
whose sum is to the sum of their squares as 7 to 50. 

Ans. 6 and 8. 

30. Find two numbers in the proportion of 9 to 7, so 
that the square of their sum and the cube of their differ- 
ence shall be equal. Ans, 288 and 224. 

31. In 1830, A's age was 50, and B's 35, Required 
the date at which A's age is double of B's. 

Ans. 1810.* 

32. A father^s age is now treble of his son's ; what are 
their present ages, the age of the father 7 years ago hav- 
ing been five times that of the son? Ans, 14 and 42. 

To find a general solution for this question, let Ssm, 5s=n, and 
o(n— 1) 
n — m 

33. A merchant has two kinds of wine; one costs 36 



* If this question were enunciated as follows, *<In 1830, A's age 
was 50, and B*s 35; when will A*s age be double of B*s;" the an- 
swer, xs=:— 2(^ would show that the date is before 1830, and there- 
fore that the words ''when will A*s age be** are incorrect, and roust 
be changed for the words " Required the date at which A*s age is/* 
See Art. 5 and 6. 
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pence per quart, and the other 20 pence: he wishes to 
make a mixture of 50 quarts, which shall sell for 30 pence* 
How much of each sort must he take? 

Ans, 18f quarts of the one, and 31^ of the other. 

34. A composition of copper and tin, containing 100 
cubic inches, weighed 505 ounces ; how many ounces of 
each metal did it contain, supposing a. cubic inch of cop- 
per to weigh 5^ ounces, and one of tin 4^ ounces? 

Ans, 420 copper, 85 tin. 

35. From each of 16 coins an artist filed the worth of 
half a crown, and then offered them in payment for their 
original valu^ ; but being detected, the pieces were found 
to be worth only 8 guineas. Required their original 
value. Ans. £10 Qs. 

36. One person says to another, " Give me £ 100, and 
then I shall have as much as you." " No," answered the 
other; '* but do you give me £ 100, and I shall have twice 
as much as you." How much has each? 

Ans. The one £500, and the other £700; 

37. A wine merchant sold at one time 20 dozen of port 
wine, and 30 of sherry, and for the whole received £ 120; 
and agsun, at the same prices, 30 dozen of port, and 25 of 
sherry, and for the whole got £ 140. Requured the price 
of a dozen of each sort. Ans, £3 and £2. 

38. Required a fraction, to the numerator of which if 
4 be added, the value is ^; but if 7 be added to the de- 
nominator, the value is ^. Ans. ^k* 

Or for a general solution : 

Required a fraction, which, if a be added to its numerator, will 

become 6; but if c be added to its denominator, will become d, 

ad'X^bdc 

Ara, — J . 

a-j^dc 

39* A bill of £120 was paid in guineas and moidores, 
and the number of pieces of both sorts used was 100. 
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How many were there of each sorty the guinea being 21, 
and the moidore 27 shillings ? Ans. 50 of each. 

40. A man and his wife could drink a barrel of beer in 
15 days. After drinking together 6 d{^8> the woman 
alone drank the remainder in 30 days. In what time 
would either, alone, drink a barrel? 

Ans. The man in 21-^ days« the woman in 50 days. 

41. With 28 bushels of barley, at 2s, Ad, per bushel, a 
farmer would mix rye at 3^. and wheat at 4^.; so that the 
whole mixture may consist of 100 bushels, and be worth 
3s, 4d, per bushel. How much rye and wheat must he 
take? Ans, 20 of rye, and 52 of wheat. 

42. A countryman being employed by a poulterer to 
drive a flock of geese and turkeys to London, in order to 
distinguish his own from any he might meet on the road, 
pulled three feathers out of the tail of each turkey, and 
one out of the tail of each goose ; and, upon counting 
them, found that the number of turkeys' feathers ex- 
ceeded twice those of the geese by 15. Having bought 
ten geese, and sold fifteen turkeys, by the way, he was 
surprised to find, as he drove them into the poidterei^s 
yard, that the number of geese exceeded the number of 
turkeys in the proportion of 7 to 3. Required the num- 
ber of each at first. Ans, 45 turkeys, and 60 geese. 

43. A number consisting of two digits, when divided 
by 4, gives a certain quotient, and a remainder of 3; 
when divided by 9, gives another quotient, and a remain- 
der of 8. Now, the value of the digit on the left hand 
is equal to the qubtient which was got when the number 
was divided by 9; and the other digit is -^th of the 
quotient got when the number was divided by 4. Re- 
quired the number. Ans. 71. 

44. If A and B can do a piece of work in 8 days. 
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A and C in 9 days, and B and C in 10 days; in how 
many days can each alone perform the same work? 

Ans. In 14|f, 17|f, 23^ days. 

45. Find two numbers whose difference is 8, and pro- 
duct 105. Ans. 7 and 15, or — 7 and — 15. 

46. There is a field in the form of a rectangular paral- 
lelogram, whose length exceeds its breadth by 16 yards; 
and it contains 960 square yards. Required the length 
and breadth. Ans. 40 and 24. 

47. What number is that which exceeds its square root 
by 48f ? Ans. 56J. 

48. Having sold goods for £24, 1 gained as much per 
cent as the whole cost me. Required the cost. 

Ans. £20, or — 120. 

49* There are two square buildings, that are paved with 
stones afoot square each: the side of one building ex- 
ceeds that of the other by 12 feet; and both their pave- 
ments, taken together, contain 2120 stones. What are 
their lengths separately? Ans. 26 and 38« 

50. A person bought some sheep for £72, and found 
that, if he had bought 6 more for the same money, he 
would have psdd £ 1 less for each. Required the number 
bought, and the price of each. 

Ans. The number was 18, and the price of each £4. 

51. The difference between the hypotenuse and base of 
a right-angled triangle is 6; and the difference between 
the hypotenuse and perpendicular is 3. Required the 
sides. Ans. 9, 12, 15. 

52. There is a field in the form of a rectangle, whose 
length is to its breadth as 6 to 5 ; one-sixth of the whole 
area being planted, there remain for ploughing 625 square 
yards. Required the dimensions of the field. 

Ans. 30 by 25. 
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53. Two messengers were despatched at the same time 
to a place 90 miles distant; the former of whom, by rid- 
ing one mile an hour faster than the other, arrived at the 
end of his journey an hour before the other. Required 
the rate of each per hour. 

Ans, 10 and 9 miles per hour. 

54. A regiment of soldiers, consisting of 1066 men, is 
formed into two squares, one of which has 4 men more 
in a side than the other. Required the number in each 
side. Ans. 21 and 25. 

6S. A company at a tavern had £8 15«. to pay; but 
before the bill was paid, two of them went away, and in 
consequence, those who remained had each 10«. more to 
pay. How many persons were in the company at first? 

Ans, 7 persons. 

56. Find two numbers whose product is 300, and such 
that if 10 be added to the less, and 8 subtracted from the 
greater, the product of the sum and remainder shall also 
be 300. Ans. 20 and 15. 

57. Find two numbers whose difference is 5, and the 
difference of their cubes 1685. Ans. 13 and 8. 

58. A poulterer bought 15 ducks and 12 turkeys for 
5 guineas, and had two ducks more for 18«. than he had 
of turkeys for 20 shillings. What was the price of each? 

Ans, 3s. and 5^ . 

59. The sum of the numerator and denominator of a 
fraction is equal to 6 times the fraction; and the sum of 
the numerator and denominator of its reciprocal is equal 
to 1^ times its reciprocal. What is the fraction? 

Ans, ^. 

60. It is required to find the three sides of a right- 
angled triangle, from the following data: the number of 
square feet in the area is equal to the number of feet in 
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the hypotenuse, together with the sum of the feet in the 
other two sides ; and the square described upon the hy* 
potenuse is less than the square described upon the sum of 
the two sides, by half the product of the base and area. 

Ans. Hypotenuse 10, the sides 6 and 3. 

61. A man travelled 105 miles, and found that, if he 
had not travelled so fast by 2 miles an hour, he would 
have been 6 hours longer in performing the same journey. 
How many miles did he go per hour? Ans^ 7. 

62. A farmer bought two flocks of sheep for £65 13^. 
one containing 5 more than the other : each sheep cost 
as many shillings as there were sheep in the flock. Re- 
quired the number in each. Ans. 23 and 28. 

63. The joint stock of two partners, A and B, was 
£416; A's money was in trade 9 months, and B's 6 
months: when they shared stock and gain, A received 
£228, and B £252. Required eadi man's stock. 

Am. The stocks are £ 192 and £224. 

64. What two numbers are those whose sum is 46, and 
the sum of their squares 1220? Ans. 32 and 14. 

65. The sum of two numbers is 11, and the sum of 
their fourth powers 2657* Required the numbers. 

Ahs. 4 and 7. 

66. It is required to And three numbers, such that the 
difference of the first and second shall exceed the difler- 
ence of the second and third by 6; and that their sum 
shall be 33, and the sum of their squares 467. 

AfU. Idy 9, 5. 
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CHAP. X PROPORTION AND PROGRESSION. 



SECTION I. DEFINITIONS. 

Abt« 158. Def. I. HeUio is the relation which two 
quantities of the same kind have to one another, with re- 
spect to the number of times the one is contained in the 
other. 

Ratio is expressed by two dots, or by the sign of di- 
vision: thus, the ratio of d to 6 is expressed by a: 6, 

€1-5-6, or J. 

159* Cor, A ratio is not altered by multiplying or 
dividing its terms by the same quantity (Art. 78). 

160. II. The terms of a ratio are called the asUecedent 
and consequent, 

161. III. If the second of four quantities is contained 
in the first as often as the fourth in the third, the first is 
«aid to have to the second the same ratio as the third to 
the fourth. 

162. IV. When the second of four quantities is con- 
tained in the first oftener than the fourth in the third, the 
first is said to have to the second a greater ratio than 
the third to the fourth. 

Thus, 4 : 2 is a greater ratio than 4 : 3, and 8:6a less 
ratio than 7:4; because ^ >f, and f§<|4' 

163. V. The ratio of one quantity to another is said 
to be compounded of two or more ratios, when the num- 
ber which is the measure (Art. 44) of the ratio in question 
is equal to the product of the measures of the other ratios. 
Thus, the ratio of 3 to 108 is compounded of 6 : 3, 8:4, 

Y 
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15 : 5, 12 : 4, or of any others whose measures are factors 
of 36. Also> the ratio (tee : bdf is compounded of 
a: 6, cidy eif.* 

164. VI. A compound ratio whose measure is the pro- 
duct of two equal factors, that is, the second power, of 
the measure of another ratio, is called the duplicate of 
that ratio. In like manner, the ratio of two quantities is 
said to be the triplicate ratio of two other quantities, 
when its measure is the third power of the measure of the 
ratio of two other quantities. Thus, 3 : 75 is duplicate 
of 4 : 20, and 3 : 192 is triplicate of 4 : 16. 

165. VII. Proportion^ or analogy^ is the equality of 
ratios, and quantities having the same ratio are called pro- 
portionals. Thus, if a : 6 be equal to cidy these quanti- 
ties constitute a proportion, which is written aibiicid^ 

a c , 



* For if b be contained x times in a, and d be contained y times 
in Cf andy be contained z times in e, 6^ will be contained xyz times 
in ace. Hence we might define compound ratio thus : In any 
number of ratios, if the product of the antecedents be taken, as also 
that of the consequents, the products are said to have to one another 
a ratio compounded of the other ratios. 

f When there are four quantities, such that the difference of the 
first and second is the same as that of the third and fourth, the quan- 
tities are called equidiffirent. The term ariikmetical proportion is 
sometimes applied to such quantities ; and for the sake of distinction, 
proportion as already defined (Art. 165), is called geometrical propor- 
tion. 

It follows, from the definition of equidifferent quantities, that the 
sum of the means is equal to that of the extremes ; for if a, 6, c^ d; 
be four such quantities, then a^-6ssc— wi; therefore, a-}-tf ^6-|-c 
Also, if a, 6, c, be three equidifferent quantities, then 6— a=c— ^; 

/ImLmti 

whence, b ss "^ , that is, the middle term is half the sum of the 
extremes. This is generally called an ariikmetical mean. 
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166. VIII. A coTOinual proportion^ sometimes called a» 
geometrical progressiouy is a series of terms such tliat 
each term has the same constant ratio to the one next 
following. Thus, a, ar^ cur^^ ar^^ or*, or*, ...... ar'^^ i» 

a series of continual proportioi^^l, in which r is the com- 
mon ratiOy and ar"~* the last term.* 

167. Cor. If three quantities be continual propor- 
tionals, the ratio of the first to the third is duplicate of 
the ratio of the first to the second; and if there be four 
quantities, the ratio of the first to the fourth is triplicate 
of the ratio of the first to the second. For, let there be 

the two series, 

ar% ar, a; 

ar^P ar\ ar^ as 

then the measure of ar* : a is r*, and of at^ : ar is r; 
also, the measure of ar^ : a is r', and of at^ : ar^ is r. 
Hence, the ratio of the squares is duplicate, and of the 
cubes triplicate, of the ratio of the first powers.f 

168. IX. Three or four quantities are said to be in 
karmonical proportion, when the first has the same ratio 
to the last that the difference of the first and second has 
to the difference of the last and last but one. Thus, a, by c, 
are in harmonical proportion, when aiciia — bib — c; 
and a, by o, dy are in harmonical proportion, when aidxx 
a — b : c — d. 

169. X. An equidifferent series, sometimes called an 



* The terms arithmetical and geometriaU, commonly applied to 
proportions and progressions, are improper, as they lead to a mit- 
conception of the nature and connexion of these series. The terms 
equidifferences, and continual proportionals, are much more expressive 
of their nature. 

f The ratio of the square roots is called sub-duplicate, and of the 
cube roots sub-triplicaU of the ratio of the first powers. 
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arithmetical progressiany is a series of terms wliicli in- 
crease or decrease by the same common difference. Thus, 
the nmnbers 20, 17, 14, 11, 8, 5, 2, form an equidifferent 

series: and also a, a+d^ a+2dy a+Sd^ a+4dy 

a+(n — l)d; in which d is the commoH difference^ and 
a-|.(ii — \)d the last term. If the series vere a decreas- 
ing one, the last term would be a — (n — l)c2. 



170. Cor* In an equidifferent series, the sum of the 
two extremes is equal to the sum of any two terms equally 
distant from them^ or to twice the middle term, if the num- 
ber of terms be odd: for, in the above series, if we take 
the first and fifth terms as extremes, we have a-|-(a-|-4cQ 
zza^d+{aJ^^d)z=i2(a^2d)i and aJ^{aJ^2d):=i 

2(a+<0, or a+rf= ''"^^''j^^'^\ See NoU to Axt. 16^ 



SECTION U. — PBOrOSITIONS. 
THEOBEMS. 

Abt. 171. Theob. I. If four qaantilies be pro- 
portionals, their like powers and roots will also 
be proportionals. 

Let aihiicidy be a proportion; then (Art. 165) 
^=^: whence (Art. 31,78), 7;?=^> ^^ C-^^* ^^) 
a" : ft" : : c" : d*. 

172. II. If four quantities be proportionals, the 
product of the means is equal to the product of 
the extremes; and if the product of two quan- 
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tides be equal to the product of two others, the 
four quantities will form a proportion. 

o c 
Let the proportion be aibiicid; then t = ->; and 

o a 

olearing of fractions, ad=zbc. Again, let mq^znp; di- 
vide both sides by nq^ then - = - , ov miniipiq, 

173. Cor. I. Hence, if the proportion consist of three 
terms, the product of the extremes is equal to the square 
of the mean, and conversely. Hence, also, a mean pro- 
portional, between two quantities, is the square root of 
their product ; for in the proportion aibiibiCy b^^zac^ 
and b = y^ac. This is called a geometric mean, 

174. Cor. II. Hence, also, any three terms in a pro- 
portion being given, we may find the fourth from the 
equation ad zr be. 

175. HI. If four quantities be proportionals, 
they are also proportionals when taken alter- 
nately or inversely. 



a c 
Let a:b::c:d, or t = j> be the proportion, and 



let 



both sides be multiplied by - ; then - = ^ » and therefore 
a :c II bid. 

Again, let a:b::c: d; hence (Art. 172), adzz bc^ and 
therefore biaiidic. 

176. IV. In a proportion, the first term is to 
the second increased or diminished by any mul- 
tiple of the first, as the third is to the fourth in- 
creased or diminished by any multiple of the 
third. 

Y2 
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Let azbzieids then inyerselj (Art. 175)9 bzaiidie; 

hence. -= -t and (Art. 27, 28) -dbmzz -dbm.« whence 
a c ^ 'a c 

bzizma d^ztne 



a c 



and therefore 

bzizmaiaiidz^itncic; 
and inversely, 

a : 6ilzma : : o : Jdbm«« 

177* Cor, HencBf a : c :: bzii ma : ddtzfnc, therefore 

- = -=^^^F — » l>'it -= ^5, therefore 6 :rf;:Adbiwa2d:fc»ii?; 
e dz±:fnc c d 

and alternately, b:bz±zma::dz ddhmc, 

., , a b+ma _ a 6 — ma . 

Also, since - = t , and - = -^ , we have, ai- 

c d+mc c d — mc 

temately, b-^^ma : b — ma : : d^mc : d — mc. 

Hence, if m = Ij^ b^^a : &— a : : d+c: d — c; and from 
the last proportion in Art. 176, a:b±a:id: ddtia, and 
bztzaiaizd-±icic. Also, bib-^zawdid^c^ and 
h'^^axb ixd±c I d» 

178. V. When any number of quantities are 
proportionals, as one antecedent is to its conse- 
quent, so is the sum of all die antecedents to the 
sum of all the consequents. 

Let there be any number of proportionals, 

axbwcidiie if; 
then tuizzbCf and af=zbe; also ab^ba; therefore, 

ab+ad+af=z 5a-|-6c+&«, 
or 

whence (Art. 172), 

aibi: a-f c-(-e : b-^^d+f. 
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179. VI. If the first and second terms of a pro- 
portion be multiplied or divided by any quantity, 
as also the third and fourth, the quantities which 
result will be proportional. 

a c 
Let the proportion be jr = t; therefore (Art. 78), 

e 
fna_n 

n 

whence. ma.mb.:'-:^. 

n n 

180. VII. If the first and third terms of a pro- 
portion be multiplied or divided by any quan- 
tity, as also the second and fourth, the quantities 
which result will be proportional. 

ma tnc . tna tnc 
For _ = _, and-j-=^j 

n n 

b d 

whence. tna : - : : mc : - • 

n n 

181. VIII. In any number of proportions, if the 
corresponding terms be multiplied together, the 
products will be proportional. 

Let there be any number of proportions, 
a c e g i I 

b-d' f-V h^m' 
then 

aei cgl 

hence, 

aei I bfk : : eglxdhnu 
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PBOBUBMS. 

P&OB. I. To find the sum of an equidiffereni series. 

BULE. 

182. Multiply the sum of the extremes by the 
number of terms, and take half the product. 

Let a be the first term, d the common difference, and 
s the sum of the series ; then 

sisa+(a+d)+(a+2d)+(a+3d)+(a+4d)+(a+5d) 
+{a+6d)f &c. 

Now, the last or nth term is a-)-(9t — 1)^9 the last but 
one is <i+(n — 2)dy the last but two a+(n — 3)d; also, 
the first a-{'(n — n)d. Hence, by reversing the terms, 
the series may be thus written: 

sz=:[a+(n—l)d] + {a+(n^2)dl + {a+{fir-^)d} 

+ {a+{n^^)d} . 

Adding this series to the last, we find 

2s = {2a+(n—l)d} + {2a+(n—l)d} + {2a+(i»-. 
l)rf} + &c. to n terms. 

Whence, as each term is 2a-)-(n — l)d, and as there are 
n terms, we have 

2*z=«{2a+(»— l)rf}, 

and therefore s = -{2a+ (n — l)d} • 

Now let the last term 

a+(n-l)d=l. 



therefore * = ^ (a + Q. 

AS 

183. Cor. From the equations «=- (a-|-Q, and Itz a-(- 

(n — \)dy any two of the quantities, «, n, a, /, d^ may be 
found, when the other three are given. 
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EXAMFIiES. 

1. Find the sum of 12 terms of the series 

3, 7, 11, 15, &c 
Here a = 3, rf=z4, n=12, /z=3+(12— 1)4 = 47; 
hence, s = ^(3+47) = 50 x 6 = 300. 

2. If the first term of a progression be 14, and 28 the 
sum of 8 terms, what is the common difference ? 

Here, from the formula, 

28 = |(28+7c0, 
we find dfz= — 3; 

wheoce, the progression is 

14, 11, 8, 5, 2, —1, —4, _7, &c 



II. To find the ium of a series of eontintuil 

proportionals* 

BUIiE. 

184. Multiply the last term by the ratio, and 
divide the difference between this prodnct and 
the first term by the difference between the ratio 
and unity; observing that the last term becomes 
zero, in an infinite decreasing series. 

Let a be the first term, r the ratio, n the number of 
.erms, and s the sum of the series; then 

s^a+ar'^'Of^+af^+ar* -|-ar^'. 

Multiplying both sides by r, and firom the result sub- 
tracting this equation, we have 

sr — szzar"* — as 
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ar" 



whence, #= ;-: (1) 

putting w^^ = /y this becomes 

When r is a fraction, as n increases, r" and ar" will 
decrease; and when n becomes infinite, the last term will 
become less, with respect to a, than any thing assignable, 
and is therefore to be taken as nothing: in this case, 
therefore, we have 



185. Cor. From the equation »= =-, any three of 

the quantities «, r, /, a, being given, the fourth may be 
found. 

EXAHFI^ES* 

1. Find the sum of 8 terms of the series 

2, 6, 18, 54, &c. 

Here a = 2, r=r3, nz=8; 

we have, therefore, by substitution in formula (1), 

r — 1 3 — 1 

2. Find the sum of the infinite series 

i-i+i-J, &c. 

Here a= 1, r=z J, /=0; 

hence, from formula (3), 



See Art. 92, 93. 



*=1Z4 = «- 
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3. Insert three means between the extremes 4 and 324. 

Let the terms be 

o, ar^ af^f ar^, ar^\ 

then a = 4, and ar^=324; therefore r^= 81, and hence 
r=3: the intermediate t^ms, therefore, are 12, 36, 108. 

III. To find an harmonicctl meany and an harmonical 

third or fourth proportional, 

186. Let a, 6, <;, be three harmonical proportionals; 

then (Art. 168), 

a:c : : a — hxh—c; 

and therefore (Art. 172), 

a^+6c=2ac, and 6 = — p-: 

that is, an harmonical mean between two quantities is 
twice their product divided by their sum. 

From the same equation, we deduce 

ab 

which is a third harmonical proportional. 

In a similar manner, if a, 6, <?, d^ be four harmonical 
proportionals, then 

aid II a— A : C'—d; 
hence, 

ac — ad = ad — bd; 

whence 

^ 2 a— 6 

which is a fourth harmonical proportional. 

From the same equation, 

2 ad — bd . 2 ad — ac bd 

a d 2d— c 
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QuetUatu in Progression. 

1. Boor namben are in geometrical precession; the 
snm of the first and second is 15» and the sum of the third 
and fourth is 60. Required the numbers. 



The numbers, therefore, are 

5, 10, 20, 40. 

2. The base of a right-angled triangle is 6, and the 
sides are in arithmetical progression. Required the 
sides. 

Let the sides be 6 — a;, 6, O-f^r; then (Eud. I. 47), 

36-.12d:+a:«+36= 36+12«+a*. 

Hence we find x = f ; and the sides, therefore, are 

4^, 6, 7i. 

But if the first term of the progression be 6, and the 
other sides 6-|-x, 6-|-2dr, then 

36 + 24 ar+4««=:36+36+12x+«*; 

hence, a!*+4x=12. ^ 

Solving this equation, we find 

x=2, or — 6; 

and the sides, therefore, are 

6, 8, 10. 



Let X, 


ay» 


xf^^ xy^j be the numbers; then 

;r -1-4^=15, 
13^+;^ = 60, 


or 




i^(x+ay) = 60; 


that is, 




15y* = 60: 


hence. 




y==t:2. 


and therefore 


xzzS. 
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The ambiguity here arises from the data of the problem 
not being sufficiently limited: the algebraic language is 
more precise than that of the problem. 

3. Two persons, A and B, set out together from Lon* 
don, to travel rQund the world, a distance of 23661 miles, 
the one going east and the other west. A goes one mile 
the first day, two the second, and so on. B goes 20 miles 
a day. In how many days will they meet, and how far 
will each travel? 

Let X be the number of days; then B goes 20 x miles: 
and to find the number A goes, we must sum the series 
whose first term is 1, common difierence 1, and number 
of terms x; this is (Art. 182) 

^ ( 1 *|-a?) = numb^ of miles A ^oes. 

H«nce> by the question, 

^^+20x= 23661. 

Solving this quadratic, we find 

jr=198, or— 239. 
Th^ travel 198 days; A goes 19701, and B 3960 miles. 

4. A person makes a mixture of 51 gallons, consisting 
of brandy, rum, and water, the quantities of which form 
an equidifierent series, and the Dumber of gallons of 
brandy and rum together is to the number of gallons 
of rum and water together as 8 to ■9* Required the 
quantity of each. 

Let Xf x+y, «+2y, denote the quantities of brandy, 
rum, and water; then, by the question, 

3x+3y = 51, 

and 2ar+y:2x+3y::8:9; 

whence, xz=:~^; 
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and by substitution^ ^=2, and therefore x^ 15. The 
quantities^ therefore, are 

15, 17, 19. 



EXAMPLES FOB FBAGTIGE. 

1. Find the sum of n terms of the series of natural 

numbers, 1, 2, 3, 4, 5, &c. m n(n+l) 

Am. — g 

2. Find the sum of n terms of the series of odd num- 
bers, 1, 3, 5, 7, &e. Ans. ti^. 

3. Find the sum of n terms of the series of even num- 
bers, 2, 4, 6, 8, &c. Ans. n(n+i). 

4. Required the sum of 9 terms of the progression 
11, 9, 7, &c. Ans. 27. 

5. If the sum of 9 terms of an equidifferent series be 
171, and the common difference 4, what is the first term? 

Ans. 3. 

6. If the first term of a progression be 2, and the sum 
of 8 terms 100, what is the common difference? Ans. 3i» 

7p Insert three arithmetical means between the ex- 
tremes ^ and ^. Ans. f , ^, ^. 

8. Insert two arithmetical means between — 3 and 3. 

Ans. — 1 and I. 

9. Find the sum of 7 terms of the series, 1, 2, 4, 8, &c 

Ans. 127. 

10. Find the sum of 12 terms of the series, 1, — 3, 
9, —27, &c . 3"— 1 



4 

11* Find the sum of the infinite series, 1, ^, :^, ^, -^y &c 

Ans. 2. 
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12. Insert three geometric means between the ex* 
tremes 5 and 405. Ans, 15, 45, 135. 

13. Find the sum of the infinite series, :!+--• 

— -i, &C. Ans. — — r. See Ex. 4, Art. 92. 

XT a:+l 

14. Find the sum of the infinite series. -».-— J — r- 
.w»-T-> &©• <4«*. — TT See Ex. 1, Art. 92. 

15. Required a geometric mean between 4 and 9« 

Ans. 6. 

16. Find an harmonical mean between 2 and 6. 

Ans. 3. 

17. Required an harmonic third proportional to 6 and 8. 

Ans. 12. 

18* Determine an harmonical fourth proportional to 10, 
4y 24. Ans. 15. 

19- Find the value of the decimal '333, &c. 

Atis. ^. 

20. What is the common firaction answering to the 
decimal *2424, &c. Am. ^. 

21. The sum of three continual proportionals is 35, 
and the mean is to the difierence of the extremes as 2 to 3. 
Required the numbers. Ans. 5, 10, 20. 

22. A gentleman divided £210 among three servants, 
the shares being in geometric progression; and the first 
had £90 more than the last* How much had each? 

Ans. £120, £60, £30. 

23. Of three continual proportionals the sum is 14, and 
the sum of the first and second is to the sum of the second 
and third as 1 to 2. Required the numbers. 

Ans. 2, 4, 8. 
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24. From two towns 168 miles distant, two persons, 
A and B, set out to meet: A went 3 miles the first day, 
5 the second, 7 the third, and so on : B went 4 miles the 
first day, 6 the second, 8 the third, and so on. In how 
many days did they meet ? Ans^ 8. 

25. Four numbers form an equidifierent series ; their 
sum is 32, and the sum of their squares is 276. Required 
the numbers* Arts. 11, 9, 7, 6. 

26. A traveller sets out and travels 1 mile the first 
day, 2 the second, 3 the third, and so on : in 5 days after 
another sets out, and travels 12 miles a-day. How long 
and how far must he travel to overtake the first ? 

Ans, 3 days, or 36 miles. 

27. A person bought 47 sheep, and gave 1 shilling for 
the first, 3 for the second, 5 for the third, and so on. 
What did all the sheep cost him? Ans. £ 1 10 9^. 

28. K a body move for ever as follows : namely, 20 
miles the first minute, 19 miles the second minute, 18^^^ 
the third, and so on in geometric progression. Required 
the greatest distance it can reach. Ans, 400 miles. 

29k A number consists of three digits, which are in 
arithmetical progression ; and the number divided by the 
sum of its digits is equal to 26; but if 198 be added to it, 
the digits will be inverted. Required the number. 

Ans. 234. 

30. The Sum of three numbers in harmonical propor- 
tion is 13, and the product of their extremes is 18. Re- 
quired the numbers. Ans. 6, 4, and 3. 
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CHAP. XI LOGARITHMS. 



Art. 187. Def. L When the several terms of a series 
of numbers are considered as powers of some common 
root, the indices of those powers are called the Logar- 
ithms of the numbers to which the powers are equal. 
Thus, if we consider ^, ^, ^, ^, 1, 2, &c. as powers of 
the common root 2, we shall have 

^= 2-* (Art. 95), 2 = 2\ 
i = 2-^ 4 = 2S 

i = 2^, 8=2», 

^ = 2-^ 16=2*, 

l=s2*, 32=2% 

where the indices — 4, »-3, — 2, -^1, 0, 1, 2, 3, &c. are 
the logarithms of the numbers -^, ^^ \y &c. 

But the same numbers may be considered as powers of 
the common root 4, and we shall then have 

J^= 4-^ 4 = 4S 

i = 4-*, 8 = 4t, 

i = 4-S 16 = 4% 

i = 4-i, 32 = 4*, 

1 = 40, 64 = 4^ 

2 = 4M 

&c. 

where the indices — 2, — |, — 1, &c. are the logarithms of 
the corresponding numbers. 

188. SchoL If it be required to find what power of 4 
IS equal to 13, it will appear from the table that since 13 
is between 8 and 16, the index of 4, that is, the logar- 
ithm of 13, will be between f and 2; and, from Art. 74 f 
97, 1 1 1| that if such an index cannot be exactly found, it 

Z2 
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may be i^roximated to. Hence, logarithms may be 
calculated for all numbers. 

1 89* II* The common root, of which other numbers are 
taken as powers, is called the b<is€ of the system of logar- 
ithms. Thus, in the examples of Art. 187, the bases are 
2 and 4. 

190. SchoL Any number may be assumed as the base; 
and it is plain that every base will give a different system 
of logarithms : but the base which has been found most 
convenient is 10. Logarithms constructed to the base 10 
are called, for the sake of distinction, common logarithms. 
Hence, the common logarithm of a number is the index 
of the power of 10 which is equal to that number. The 
only other base to which logarithms have ever been con- 
structed, is the number 2-7 18281828459... This was the 
base chosen by Baron Napier, the inventor of logarithms ; 
and hence these are called Ns^rian logarithms. Since 
a^ = 1 (Art. 96), it is plain that, in every system, the 
logarithm of 1 is 0. 

Taking, therefore, 10 for the base, its powers will be 
as follows: 

10>=1, and 10-' = ^= -1; 
10^=10, 10-».= y^=.01; 

10'= 100, 10-' = yjjViy=-001; 
10»=1000, 10-^ = T^^=-0001; 
10*= 10000, 10-*= i^y^^ = . 00001; 

&c. 

The several indices are here the common logarithms of 
the corresponding powers. It is plain that the logarithms 
of all numbers between 1 and 10, that is, numbers of one 
figure, are between and 1 ; that the logarithms of num- 
bers between 10 and 100, that is, those consisting of two 
figures, are between 1 and 2; and in general that the 
integral part of the logarithm, which is usually called the 
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index or cbarcusieristicy is always a unit less than the num- 
ber of digits. Also, it is plain that of decimals between 
*1 and *01, the logarithms are greater than — 2, and less 
than — ly or that they are — 2 increased by some frac- 
tion; and those of decimals between *01 and '001, are — 3 
increased by some fraction ; and, in general, that the 
logarithm of a decimal consists of a positive fraction com- 
bined with a negative integer, greater by 1 than the 
number of zeros prefixed to the significant figures of the 
decimal. Thus, if — 2+'726401 be a logarithm, the cor- 
responding number will be a decimal fraction, having two 
zeros prefixed to its significant figures. It is usual to 
write such logarithms with the sign — over the integral 
part, omitting the sign 4" before the fractional part. 

Thus, "2-726401 means — 2+-726401.* 

191* III* The modulus of a system of logarithms is a 
constant multiplier, by means of which, when the logar- 
ithm of a number in one system is known, its logarithm 
in another system may be found. 

192. SchoL I. It follows, from Art. 35, 40, that the logar- 
ithm of a product is equal to the sum of the logarithms of 
its factors ; and that the logarithm of a quotient is equal 
to the difierence of the logarithms of the dividend and 
divisor: that is, log. ahczz: log. a-|- log. 6-^- log. c ; and 

log. - = log. a — log. b. 

Also, from Art. 99, 105, it follows, that the logarithm 
of the nth. power of a number is n times the logarithm of 



* When we have such a number as —2-^*72640], it might ap- 
pear more natural actually to incorporate the two parts, which would 
give -^I'STSSQQ; but the mode of notation eiplained in the text« 
enables us to make the same logarithm serve for all numbers integral, 
fractional, and mixed, which consist of the same Bgures, as will 
appear in Art 193. 
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the number; and the logarithm of the nth root, the nth 

part of the logarithm of the number: or that log. &" = n 

i 1 ^ tn 

log. b; log. 5» =: - log. b; and log. 6" = — log. b. 

n n 

193. Cor. Hence, it is plain that the subtraction of I 
from any logarithm, gives the logarithm of the quotient 
obtained by dividing the number by 10 ; the subtraction 
of 2, the logarithm of the quotient obtained by dividing 
the number by 100, &c.; and, therefore, that the logar- 
ithms of decimals will differ from the logarithms of inte- 
gers composed of the same figures, only in the index 
or characteristic (Art. 190). It is this property of 10 
which makes it the most convenient base. 

194. SchoL n. If there be a series of quantities in geo- 
metrical progression, their logarithms will be in arith- 
metical progression. 

Let by cbf c^bf c^b, &c. be a geometrical progression; 
and let rr, a/, be the logarithms of b and c: then (Art. 192) 
the progression is the same as 

a% «•+'', o'+% a'*^, &c. 

in which the logarithms 

X, X'\'X^y X'^23/y x-^Sa/, See* 

are in arithmetical progression. 



Pbob. I. To find the logarithm of a number. 

195. Let N be any number, and x its logarithm to the 
base a, so that a' =: N : then it is required to determine^x. 

Put a = 1 -f ;», and N = 1 -f-it,* then 

{l+my=:\+n; 

and therefore, by raising both sides to the power y, 

(l+«»)'y=(i^.«)^ 



Expanding both sides by the binomial theorem (Art. 102), 
rejecting 1, and dividing by y, we obtain 

«e+(Jt=iKy-l)«»+&e. 

In this equation, suppose y=0, and we shall have 

«(»»— 2-+-3-— &c.)=:«— 2 +-3 — &c. 
whence, 

ar = log. (1 +») = r— 5-T-?— ; — v -^-^ 

But n zz N; — 1, and m = a — 1 ; therefore, by substitution, 

W N - ( N-l)-i(N-l)«+^(N-l)'^(N-l)« &c . 
"»• - (a_l)_4(o_l)«+^(a_l)»— i(a_l)* &c. 

The numerator of this fraction is independent of the 
base a, and will be the same in every system of logar- 
ithms; but the value of the denominator will depend 
upon a, and will be different in different systems. It is 
the reciprocal of this denominator which is called the 
modtilus of the system : putting the modulus =: M, we have 
log. (1 +n) = M(n — i«2+^»3_i„4 &c.) 

and therefore, 

log (1— ») =z M(— w— in«— ^»3_j^4 q^qJ^ 

Hence, by subtraction, and Art. 192, we have 
log.(l+n)- log.(l-n)= log.i±^=2M(»+^'+}»*&c.) 

Now, since in this equation n may have any value, let 

1 ,^ , 2N+2 

^ = 2N+1> *^^^^+'* = 2N+l' 

and 1 — n =: ^ ^^ ■ ; therefore, -r^ = vt « 



2N+T' *^^^*'™' T=^=-N 
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Hence we haTe, by substitution, and Art. 192, and trans- 
posing log. N, 

log. (N+l)== log. N+2M (^ + 3^^^ 

6(2N+iy'^7(2N+i)^ *^y 

This formnla will give the logarithm of any nnmber, that 
of the next less nnmber being known. 

196. The modnlus M may have any value. In Nape- 
rian logarithms, it is taken equal to unity: for calculating 
these, therefore, we have the general formula 

log. (N+l) = log. N+2(^j + 5pL_ + 

6(2N+l)»'*'7(2N+l)' M 

in which N must be taken, successively, equal to the na- 
tural numbers 1, 2, 3, 4, &c. We thus find . 

log.2 = 2Q+^,+^ + y4,&c.)* =.693147. 

log. 4=2 log. 2 (Art. 192) =r I • 386294. 

log. 6 = 2(1 + ^ + ^ &c.) + log.4 = 1-609438. 

log. 1 = log. 2 + log. 5 = 2 • 302585. 

&c. &c. 

IL The logarithm of a number in one system being given, 
to find its logarithm in any other system. 

197. Let n be a given number, and let x, x', be its 
logarithms in two systems whose bases are a, e; so that 

a':=zny «■'=«. 

Also, let /., log. denote the logarithms in the two systems: 
hence we have 



and 
AlsO) 

whence 
and 

hence^ 



alsoy 
and 
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*=/.«, (1) 

4/= log. It. (2) 
0^ = 69 e*zza; 

J=i-^=log.a; 



a/=a?log.a. (4) 

Substituting, in (3) and (4), the values of x, 9fy in (1) 

and (2)y we hare 

/. n =: 2. « X log* ^9 
and 

log. n = log. a X '• ft 9 

or /.nrz, x^og.n, 

log.a"^ ® 

and log.n=7— X ^•'t- 

These two latter equations express the constant ratio 
which the logarithms of n have to each other, in the two 
systems. 

198. Since the only systems in use are the common 
ftnd Naperian, let 

a=10, « = 2-718281828459... (Art. 190); 

and let /• express the conunon, and log. the Naperian 
logarithm: then we have 
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but log. 10= 2-3025850929... ; 

therefore, = rp, = •4342944819..., 

log. 10 

which is the modulus of the common system. The com- 
mon logarithms may, therefore, be calculated either by 
substituting this value of M in the general formula of 
Art. 195, or by multiplying the Naperian logarithm by 
the modulus. The former method is, of course, by far 
the more direct and expeditious : in this way we have 

log. 2z=-86858896(^+ i +^ &c.) =-301030. 

log. 4=2 log. 2 =-601060. 

log.5=-86858896Q+gij+_L&c.)+log.4 =-698970. 

log. 10 = log. 2 +lDg. 5 = 1-000000. 

The logarithms of all numbers are calculated in the same 
manner ; and thus a table of logarithms is formed, for the 
purpose of simplifying arithmetical calculations (Art. 192). 
The method of using these is explained in books of tables. 
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CHAP. XII — THEORY OF QUADRATIC 

EQUATIONS. 



Abt. 199« Def. I. Any number which, being substi- 
tuted for the unknown quantity in an equation, renders its 
two sides identical, is called a root of the equation. 

200. XL A cubic equation, or an equation of the third 
degree, is one in which the unknown quantity is in the 
third power. 

201. We have seen in Art. 153 that one general form 
of a quadratic equation is 

Now, if r be a root of this equation, that is, a value of at, 
we shall have, by substitution, 

f^+pr=zq; 
whence a* +px = r* -f-pr, 

or X*— r* +px — pr = ; 

hence, (x+r) (x — r) +/? (a? — r) = ; 

that is, («— ^) (^+r +p) = : 

from which last equation it follows, that, if r be a root 
of ^ equation x'-|-px = <l> ^^ ^ft fnember is divisible 
by X — ^r; and conversely, if x — ^r divide the left member 
without remainder y r is a root ofths equation. 

202. Since a product becomes zero wh^a either of its 

factors becomes zero, (x*p-r)(«4~^+i') = ^ ^^^^ when 
X — r:=z Of which gives a = r, and when x+r^p = 0, 
which gives xzn — r — p: hence, r being one root, — r— p 
is the other ; and hence a quadratic has two roots. 

203. Since a^J^px — 5' = (ar — OC^+^+iP)* ^^ follows 
that a quadratic equation is the product of two factovs, 

which are of the first degree with respect to x. 

Aa 
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204. Adding together the two roots, we have 

hence, the sum of the roatt of a quadratic equation is 
equal to ike coefficient of the first power of ike unknown 
with its sign changed. 

205. Since r'-f/ir— ^ = 0, transposing, and changing 
all tiie signs, we have 

— r*-fw=-^, or r(— r— f>)=-^; 

and, therefore, the product of tke roots of a quadratic 
equation is equal to the absolute term with its sign 
changed.* 

206. The general value of x (Art 154), 

^_ =^bzti^{l^dtz4ae) 

*- 2a ' ' 

includes the four following forms: 

(-—b^^/^+Aac) 

11 \ 2a ' 

' >ax^dtzbxzz+c a?=:<or 

2-^ I b ±^(b*+4 ac) 

\ 2:5 



' — ^±^(y— 4ac) 

Va3^^±:bx:=z — c xzzKqt 

^'^ * biiz ^(b^—4ae) 

. 2^^ 



* We might also deduce these properties immediately from the 
general values in Art. 153. For the equation ar'-f-iw— 9=0, these 
values are „ ,„% \ 

Now, if we put 



we shall have 



=-| + ^(£!+,). 



-r-,^r--V ('J+0-^— f-V(?+ A 
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In the four vaLues of the first two of these forms, since 
the quantities tmder the radical sign are both positive, 
the square root can be extracted either exactly or approxi- 
mately, and therefore the roots of the equation are real; 
and since /^(b'^'^'Aetc) is necessarily a greater number 
than 6, the roots will be positive when the sign of the 
radical is *)-» ^^^ negative when the sign of the radi-^ 
cal is — • 

Again, in the four values of the last two of these forms, 
in order to render the evolution possible, and the roots 
real, we must have b^>4ac; but if ft* < 4ac, the roots are 
both imaginary: and since /^(J^^-^^iac) is a less number 
than ft, the roots will be negative when ft is positive in the 
equation, and positive when ft is negative.* 



which is the other yalue; and therefore, if r is one root, — r— /> is 
the other. Again, transposing the right members of these two 
values, we have 

Multiply these two together, observing that the one is the differ- 
ence, and the other the sum of the quantities v-f-^ and '^/(--t-^), 

and that, therefore, the product is the difference of the squares: hence 
we hate / i P\* /JP* i \ /* 

By reduction this becomes 

which is the same as is proved in Art. 203. 

Let now r=:^| + v(^+0' "^^ ^=-|-'/(^+05 

then r+r'is— />, and rr's^— (^+y)=s— jr; 

which results agree respectively with what has been shown in Art. 
204, 205. 

* This Art. may be illustrated by emmples taken from compound 
quadratics, p. S22, et seq. 
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If we suppose ft* = 4ac?, or c = — » ^ *^^ equation oaj* 
dtzbxzz^-^y the radical quantity vanishes, and the two 

values of X are in the one case — tr-, and in the other rr—; 

2a 2a 

the roots are then equal to one another, and the equation 
is a square. 

207. We might deduce these results from the principles 
established in Art. 204» 205 ; for if r* f^f are the roots of 
the equation a^+px = g, we have 

r-f-r'sr — p, rr^^z — q^ 
or pzz- — (r'\rf^)f ai^d g = — rr': 

the roots have therefore different signs, since their pro- 
duct is negative. Also, since the sum of the roots is 
negative when p is positive, and positive when p is nega- 
tive (Art 204), that is, when a^ — pxzzq^ it follows that 
the root which is the greater number has a different sign 
from p* 

Again, in the equation «* :±ipx = •— g, q being negative, 
the two roots will have the same sign since their product is 
positive (Art. 6, 33); but as their sum has always a dif- 
ferent sign from /?, they are both negative when p is 
positive, and both positive when p is negative. 

20S. If we compare the results to which we have ar- 
rived in the last Artide, with the signs of the terms of the 
general equation, we shall perceive that there is always a 
connexion between the number of positive roots, and the 
number of changes of the signs from -f to — , or from 
— to -|-. Thus, in the equation 0^4-/7x4.9 = 0, since 
the root that is the greater number is alwrays of a different 
sign from J9, and since in this case the product of the roots 
is positive, the other root also must be negative: thus, 
there is no positive rooty and no change in the signs of 
the terms of the equation. 

Again, in the equation «* — jix-[-9=z;0, the root that is 
the greater number must be positive; but the product 
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19 positive, and therefore also the other root : there are, 
then, two positive roots, and two changes of sign in the 
equation. And in the same manner it may be shown, 
that of the equations x'-f/yx— ^z= 0, and «* — jvx— ^=0, 
having but one change of sign, there is one root positive^ 
and the other negative* 

209. From the general principles established in the 
preceding Articles, it follows, 

1^, That when a quadratic is reduced to the form 
3^'±zpxz=:'±iqy its roots may be found by inspection, 
whenever they are such as can be determined in finite 
terms. 

2d, That when the roots of a quadratic are given, the 
equation will be formed by putting the difference between 
the unknown quantity and these roots equal to zero, 
transposing all the terms to one side, and finding the 
product of the results. 

Se?, That the factors of a quadratic expression will be 
found by putting it equal to zero, and solving the equa- 
tion that results. 

EXAMPLES. 

1. Find, by inspection, the roots of the equation 

a?' — 7a? = 44, or a?" — Ix — 44 = 0. 
Here it is required to find two numbers, whose product 
shall be — 44, and sum +1; the numbers plainly are II- 
and — 4. We know from the last Art. also^ that one 
root only is positive ; and from Art. 207, that that is the- 
greater root. 

2. Required the quadratic equation whose roots are 
5 And —7. 

Here a:=z5, a? = — ^7; therefore, transposing, we have 
X — 5 = 0, and j?+7=:!0: multiplying) we find a^-|*2ap-^ 
35 =: 0, OF 0^ + ^^ = 3^ 9 which is the required qua- 
dratic. Aa2 . 
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3. Find the faoton c^ 2x — l6+a^+a(Z--<e). 

The roots are here fonnd to be a — 5, and 3; hence 



the fectors are a^— a+^> and x — 3. 

4. Required the factors of p^+ " " — 2fnq, 



«* — n* 



Ans, flr-— 9 and q . 

P P 

5. Required the factors of (a+ft)a?+«*—9x+(ft—4)a 
-f (4— 6)5. Ans. x — 4+5, and x — 5+a. 

6. Required the factors of the expression 

a a— 9 9 



a+2 3a— 20 13' 

Ans, a — lly a+64. 

?• Required the factors of ad—^ctcai^ — bcx+bd. 

8. Required the quadratic whose roots are 10 and — ^9^ 

9* Required the quadratic whose roots are ^ and ^. 

10. Required the factors of a^+3a — ^28. 

11. Required the factors of 2a^c-r-3c3^ — b*c — ocx -|- 
bcx* — a*c. 

12. Required the quadratic whose roots are 7 and — \^. 

210.* In the same manner as a quadratic equation is 
produced by multiplying together two simple equations, 
cubic equations are produced by the continual multipli- 
cation of three simple equations. Thus, if we multiply 
continually tc^ether the equations x — a = 0, x — bzzO, 
47-— c = 0, we shall haye the following cubic equation : 

^ — (a'{'b'\-e)x^+(cA'{'aC'\-bc)x — abez^O; 

whose three roots, of course, are a, b, c» 

Here the absolute term is the product of the roots with 
its sign changed ; the coefficient of the second tenn is 
their sum with its sign changed, and the coefficient of the 
third term is the sum of the products of the roots taken 
by pairs; and the same holds true of every cubic equation. 
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with whatever signs the roots may be affected. In thi^ 
case, the roots are all positive, and we have three changes 

of sign, namely, -| 1 : if the roots are all negative, 

there is plainly no change of sign, namely, -f. ^ 4- •).. 
If one root be positive, there will be but one change, 

4. ; and if two be positive, there will be two 

changes of sign, 4. — + +* 

211. Hence it is plain that a cubic equation is always 
divisible by x — a, a being one of the roots. If the divi- 
sion be performed, a quadratic will result, whose roots are 
the other roots of the cubic equation. By this division, 
the cubic is said to be depressed. It is also plain, that if 
any root be a whole number, that number will be a factor 
of the last term ; and that if the second term be wanting, 
that is, if its coefficient is equal to zero, the sum of the 
negative roots is equal to the sum of the positive. 

By means of these principles, a cubic equation may 
often be solved by inspection or trial ; a cubic equation 
may be formed when its roots are given ; and a cubic ex- 
pression may be resolved into its component factors. 

Required the roots of the equation j^ — a^ — 14;r-t- 
24 = 0. 

There are plainly two positive roots, and one negative ; 
their sum is 1, and product 24. Now, the divisors of 24 
are 1, 2, 3, 4, 6, 8, 12, 24; substitute, therefore, these 
numbers successively for or, until one be found which ren- 
ders the two sides identical (Art 199): this is found to 
be 2; hence, dividing by x — 2, we find for the depressed 
equation :^'\'Xzz 12; a quadratic whose roots, 3 and — 4, 
are the remaining roots of the given cubic equation. We 
might also have found the root 3 in the same manner as 
2 was found, and have found the other, — 4, by dividing 
—24 by 3x2 = 6. 
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CHAP. XHL— CUBIC EQUATIONS * 
Pkob. To solve a cubic equation* 

KULS. 

212. V- Set down the coefficient of x, and a little to 
the right of it pat the absolute number, which is to be 
made dividend; 2^ find by trial the first figure of the 
root; which put in the quotient's place, and over it set 
the coefficient of o^^ putting its unifs place over the unit's 
place of the quotient; 3"- add the value of the quotient 
figure to those above, multiply the sum by that value, add 
the product to the coefficient of x^ and the sum is the 
first divisor; 4^ add the square of the figure just found 
to the first divisor, and to the product found by part 3^, 
and the sum is the trial divisor for finding the next figure ; 
6°* find the next figure of the root, and to its value, taking 
in those above, prefix three times the preceding part of 
the root, adding in the figure above it; multiply the result 
by the figure last found, add the product to the trial di- 
visor, and the sum is the true divisor : and in the same 
manner may the succeeding figures be obtained. 



* The following method of solving cubic equations has been lately 
discovered by Mr. Homer of Bath, and is so much more simple and 
brief than the common rule, that it is inserted here, though not pro- 
perly belonging to this volume; the general theory and solution of 
the higher equations being reserved for the intended sequel to this 
work. For an account of recent discoveries in the solution of equa- 
tions, the reader is referred to Mr. Horner's paper, in the Philoso- 
phical Transactions for 1819; to the " El^mens d'Algdbre, par 
M. Bourdon, 7me edition ;** and to a treatise, " On the theory and 
solution of Algebraic equations,** lately published by Mr. Young, 
of the Belfast Institution. 
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XXAMPL£«. 



1* Find one root of the equation i^+8s^^6x=z76.9» 

8 
6 75-9(2-4257 

10... 20 52 



26 
4 


23-9 
22-304 


50 
14-4... 5-76 

55-76 
•16 


1-596 
1-239688 

•356312 
•311827625 


61-68 
15-22... -3044 


44484375 
43716797593 


61-9844 
4 


767577407 


62-2892 
15-265... 76325 

62-365525 
. 25 




62-441875 
1069299 

15-2757... 62-45256799 


, 



Here we find, by trial (2**-), that the first figure of the 
root is 2; put, therefore, 2 in the quotient's place, and 
write 8 over it: then (3^), (2+8)2+6=26, the first di- 
visor; multiplying and subtracting, we find 23*9 for re- 
mainder. Also (4"*), 2^+26+20 = 50= the new trial 



286 CUBIC EQUATIONS. 

divisory with which we find the next figure^ 4, of the root : 
then, to determine the true divisor (5**), we have -4+3 x 
2+8= 14-4, and 14-4 x '4+50 = 55-76= the second di- 
visor, which leaves a remainder of 1-596. Again repeat- 
ing the process, the new trial divisor is -4*+55-76+5-76= 
61-68; this gives 2, that is, -02, for the new root figure; 
and •02+(2-4)3 + 8 = 15-22, and 15-22 x '02 = -3044 ; 
which being added to the trial divisor, gives 61*9844 for 
the complete divisor. The work then proceeds as before. 

This process may be contracted as follows : 

8 
6 75-9(2-4257 

10... 20 52 



26 
4 




23-9 
22-304 


50 
14-4... 5-76 


1-596 
1-240 


55-76 
•16 




•356 
312 


61-68 
15-2... -30 




44 
43 


61-98 




1 


62-3 

1 






62-4 






2. Extract a root of the equation 

«»= 14348907; 
that is, extract the cube root of the number 

14348907. 
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4 

4 
4 


14348907(243 
8 

6348 
5824 


12 
256 


524907 
524907 


1456 
16 




1728 
2169 





174969 

This process may be abbreviated : find 2 the root of 
the greatest cube, 8, contained in the first period, 14; 
multiply its square by 3> for the trial divisor ; and set the 
last two figures of the number to be added to the trial 
divisor, a Ihie lower down, and the other figures imme- 
diately beneath that divisor; and afterwards, in the ad- 
dition, repeat the last two figures twice. The work will 
then stand as under.* 



* This method of extracting the cube root is much more brief and 
simple than the common rule. It may be expressed in words as 
follows: 

1*' Find the root of the first period, and three times its square 
will be the trial divisor for finding the next figure; 2^ multiply the 
new figure of the root, with three times the preceding prefixed, by the 
new figure, and having drawn a line a little below the trial divisor, 
put the first two figures of the product below this line to the right 
of the trial divisor, and the other figures above the line ; and the 
sum of these and of the trial divisor is the true divisor ; S*^ add the 
square of the last root figure to the two sums above, repeating 
the two last figures of the divisor, and the sum is the next trial di- 
visor: and then proceed as before. 



288 CITBIC BQUATIOirS. 



12 
2 


14348907(243 

-8 


1456 
16 


6348 
5824 


1728 
21 


524907 
524907 



174969 

4. Extract one root of the equation x^+6a^+7x:=47> 

Ans. jr = 2-1238. 

5. Find the roots of the equation x* — ^7ar'+36 = 0. 

Afu. 3, 6, —2. 

6. Find the roots of the equation a^+4x^+2x:=z232S. 

Afu. 12and— SztV" — 130. 

7. Find the factors of a^_12«*+.5ar+ 150. 

Ans. X — 10, X— -5, x-|-3. 

8. Extract one root of the equation a^ — 17 2^ -(-54 2; = 
350. Ans. x=i 14*95406861. 

9. Solve the equation 4?*— 17*75 x*+ 101-75 a? = 1 90. 

Am. 8, 5, 4*75. 

10. One root of the equation 3^ — ^74:^— 50 x-|- 336 = 
is — 7 ; required the others. Ans. 6 and 8. 

11. Find the cube root of 10. Ans. 2*154. 

12. Extract the cube root of 18609625. Ans. 265. 

13. Fudd the factors oH the expression 32x* — 52a;-f 
4x'— 560. Ans. x — 4, x+7, «+5. 
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CHAP. XIV INDETERMINATE COEF- 

FICIENTS. 



Art. 213. If it were required to resolve the frac* 
tion i— into an infinite series, without the trouble of 

actual division, we at once see (Art. 92) that the series 
will consist of the powers of x multiplied by certain co- 
efficients, the indices of the powers of a?, beginning at 
zero and increasing by a unit in each successive term. 
It is not, however, obvious what the coefficients will be; 
but it is plain that they are independent of x, and are 
expressed in terms of a and b. Let us then assume the 
coeffieients to be A, B, C, D, &c. and the series will then 

become -^ = 1 + Aa?+B x'+Cx^+Ba/^ &c 
a+ox 

To determine these coefficients, multiply both members 

by the denominator, and arrange the terms by the powers 

of x; we thus obtain 






a?+Ba «*+Ca x^+Da 3d* &c. 
+ Ab +Bb +Cb 
Now, in order that this equation may be satisfied by its 
members being rendered identical, the terms containing x 
must vanish. This will take place, whatever be the value 
of Xf when the coefficients of its powers are equal to zero ; 
that is, when 

Aa+bzz.0, from which we deduce A =z ; 

a 

b b^ 
Ba+A^ = B=z— A^ = -^; 



Ca+B5 = C=z— B^- — -,; 



a or 
b^__b^ 

b b* 



Da+Cb=zO D=z— C-=-,; &c. 

a a* 
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The series will therefore be 

a+bx a a^ a^ ^ c^ 

precisely the same as would be obtained by actual divi- 
sion, which in this case would be more direct. 

This indirect method of determining the developement 
of a series, is called the method of (issumed or indeUr^ 
minate coefficients. It is applied to the same purposes as 
the direct methods in Art. 92, 102, 111, and to various 
others in the higher mathematics.* 

214. If the series A+Dx+Ca^+Da:^ &c. be equal to 
the series A'+B'jr+CV+DV &c. then will the coeffi- 
cients of X in the two series be respectively equal to one 
another. For, equating these two series, and transposing 
all the terms to the right member, we have 

0=z A'— A+(B'— B)a;-KC'— C)a:«+(D'— .D)ar» &c.; 

and, on the same principle as before, 

A'— A = 0, B'— B = 0, C— C = 0, D'— D = 0; 

whence, A'=A, B'=B, C'=C, D'=D &c. 

216. A series with indeterminate coefficients, is gener- 
ally assumed to proceed according to the ascending in- 
tegral and positive powers of a?, beginning with x9 ; but 
in many series this is not the case: the error in our 
assumption is then shown, either by some impossible 
result, or by those terms which do not exist in the ac- 
tual series becoming zero in the course of the calculation. 

Thus, if it be required to develope ^ -^, assuming 

the same series as before, we should have 



* Undetermined coefficients^ or co^ffidenJtt^^o be determined^ would 
be a better name than indeterminate ; as that vrord has, in other parts 
of Algebra, a different signification. 



INDETSBMIKATE COEFFICIENTS. 291 

0= — l+3Ax+(3B— Ay +(3C— B)a;»+(3D— C)x* &c.; 

which would give s= — 1, A = f &c. The first of these 
id absurd, and from the others nothiug can be deter- 
mined; the form of the assumed series must, therefore, be 
modified. 

Putting ^ 5 under the form - X ^ — > let the assumed 

series express the latter factor; then 

I X 3^= i(A+Bx+C*«+D*') &c 

from which we find, by the usual process, 

AzrJ, Bs;:^, Cz=^, D = ^, &c. 
then 

3^ = ja+i^+sV^^+A** &c.) 

or 

1 



Zx — X* 



= i*-^+i*°+^^+A^ &c. 



Again, if we assumed 
jq-^-— i= A+Bjp+Ca:«+Djr'+Ea?*+Fj:« + G«6 &c. 

we should find the true series to be 

l_2ar« + 3af*— 5a?6+8a:« &c. 

the coefficients B, D, F, &c. of the odd powers of x be- 
coming zero. The series above assumed will, therefore, 
answer the purpose as well as if we had assumed 

q-^^,= A+Ca:«+Ex*+Gx6&c. 

in which the terms that contain the odd powers are 
wanting. 
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SXAMFL|:8.* 

1. Convert z into a series. 

2. Convert -r-^ — -^ into a series. 

Ans. l+3«+4»«+7jr»+lla?*+18««+29««&c. 

3. Convert ^(1— a?) into a series. 



- , a? x« 3x^ 3.6 iif* 3.6.7«* 



2 2.4 2.4.6 2.4.6.8 2.4.6.8.10* 

4, Convert -r^±^ into a series. 
a+t/x+cx 



* Vary e«ty Examplci may be taken from Chap. IV* Sect. III. 
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CHAP. XV — SOLUTION OF GEOMETRICAL 

PROBLEMS. 



Abt. 216. A line may be represented by a number, 
expressing how many linear units the line contains. Thus, 
the line AB 

A r-B 

may be represented by any number, as 7 ; meaning that 
the line contains 7 inches, 7 feet, 7 miles, or 7 linear units 
of any kind. In the same manner, the line AB may be 
represented by any letter, as a; the letter being understood 
to denote a number of linear units. Also, if the two adja- 
cent sides of a rectangle be represented by any numbers 
or letters, the product of those numbers or letters will 
express the number of superficial units in its area: thus, 
if a and 6 represent the adjacent sides, ab will represent 
the area. Hence, if a be the side of a square, its area 
will be represented by a'. In the same manner, if a, b, c, 
represent the number of linear units in the length, breadth, 
and thickness, respectively, of a solid, the number of its 
solid units will be expressed by the product, a&c. Con- 
versely, any single letter may be represented by a line, 
the product of two letters by a rectangle, and the product 
of three letters by a solid. 

A rectangle wtoy, however, be represented by a single 

letter, as a; and if one side of such rectangle be repre- 

o 
sented by a:, then the other will be - . Also, if a repre- 

X 

sent the area of a square, ^a will represent the side. 
Conversely, it is not necessary that every product of two 
factors should be geometrically represented by a rectangle, 
and every product of three factors, by a solid: for,a6 

Bb2 
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may represent a line, which is a times the line b, that is, 
which contains a times as many linear units ; and abc may 
express a recUcngley which is a times the rectangle be. 
And as geometry is only concerned with the three dimen* 
sions of length, breadth, and thickness, it is plain^'^f 41- 
product consist of 3+n factors, they cannot all denote 
lines I and n of them, at least, must be taken as forming 
a coefficient to the geometrical magnitude expressed by 
the others. 

The directions that hare been given in Art. 157, for 
the solution of algebraic problems, are applicable also to 
the solution of geometrical problems. In order to trans- 
late the conditions of a problem into equations, the prob- 
lem must be supposed to be resolved, and relations 
sought out between the given and required parts: for 
the purpose of extending these relations, and discovering 
new ones, additional lines may be drawn, or figures con- 
structed. For this, however, or for the method of trans- 
lating the conditions into algebraic language, no general 
rule can be laid down. 



PROBLEMS. 

1. To divide a straight line, so that the rectangle con- 
tained by the whole and one part, shall be equal to the 
square of the other part. (Eucl. II. 1 1.) 

Let AB = a, c^ a c b 

AC = a?.-.BC = 



'5 then, by the question, a (a — «)=:a:*5 whence «*-l- 
ax == a*. Hence we have (Art. 154) 

a_^a^6 fl(±v/5— 1) 
or *— 2— 2 - 2 
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Here, if the sign + be taken, x is positive (Art, 206), 
and less than a; but if the sign — be taken, it is negative, 
and greater than a: that is to say, the conditions are ful- 
filled, not only by a point C within the line, as the enun- 
ciation >6<^ntemplated, but also by a point C^ on its con- 
tinuation. The position of the point was supposed to be 
such that, in order to find it, something was to be taken 
from AB ; whereas the point may also have such a po- 
sition that, to find it, something must be added to AB 
(Art. 5, 6). To answer this new condition, the question 

may be easily modified thus : 

* 
In a given straight line, or its continuation, to find a 

point such that the rectangle contained by the given line 

and the segment between one of its extremities and the 

required point, may be equal to the square of the segment 

between its other extremity and the same point. 

If the value of x be put under the form v'(«*+-7 ) — k> 
it is plain that we shall have (Eucl. II. 1 1) 

Q 

^(aH^)— I = EF_EA= AH. 

If a square be described on EF4-EA= CF, instead of 
upon EF — ^EA=AF, and upon the opposite side from 
AG, BA produced will meet a side of the square in a 
point H^ which will give AB.BH' = AH'*: this construc- 
tion answers to the negative value. 

If we had at first supposed the point to have also the 
position U, and put BC, or BC'= x, we should have had 
AC=a — ar, AC'=ar— a: then (o — x)* = ax, or (ar— o)* 
= oo?, either of which would give 

__3a 6a^ 3a a^/S 

*-T'~"'^T'"" T~"2~' 

both positive values. 
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2. Given the difference of the perimeter and diagonal 
of a square, to find the side and diagonal. 

Let one side AB=rXy then perimeter 
=4x: also, let d=z difference of perimeter 
and diagonal; then BC = 4a^— J. 

Then (Eucl. 1.47) 2«* = (4a?— rf)*; 

hence, xzz^-^zz^^^^ (Art. 126). Bi^ BC 

= 4x—dz=x^2; therefore, BC = -^iJ^j ^^^ ^^ = 

rf(2v^2+l) 

7 

3. Given the line bisecting the vertical angle of a 
triangle, and the segments into which it divides the base, 
to find the sides. 

Let AD = a, BD = b, DC=c, AB=a?, 

AC = y. 

Then (£uci«. VI. 3) b:c::x:v r.cx 

b * — D 

= by, and ar = — . Again (Eucl. VL B), 

c 

, - bc+a^ __ bu bc+a* 
xu =z DC +a* .' , X zzz — = — . Hence, -^= ; whence 

y c y 



A 



y = ^ ^ — , and therefore x =z -^ ^ = 



b 
'b^e+d^b 



4. In a right-angled triangle, given the difference of 
the legs, and the difference of the hypotenuse and one leg, 
to find the hypotenuse and legs. 

Let CB— BA = a, CA— AB = 6, AB 

= dr. Then j;* = (ar + /^)* — {x-^aY, or 
x* + 2(a — b)x'=b^^~a^\ whence (Art. 
ig4X T-, 26 — 2a±v/(86'— 8fl^) _ ^ 






B 




D 
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6— a=t:^(2^8— 2a6) = AB; an^ therefore BC = 5± 
>/(2^«— 2a^), and AC = 2fr— a=t:v'(2^*— 2a6). . 

When the triangle is isosceles, azzO, and xzzb{lz±z 
^2), which is obvipusly greater than the other value of a?; 
anA therefore, of all right-angled triangles upon the same 
hypotenuse, the isosceles is the greatest. 

5. Given the perpendicular of a triangle, the difference 
of the segments of the base, and the ratio of the sides, to 
determine the triangle. 

Let AD = a, BD— DC = rf, and AB : a 

AC:: 3:2. Also, let AB = ar, AC=zy, 
BC^z. Then, «: y :: 3 : 2 ; therefore, 

ar=^, y=5y. Now (Eucl. VL K), 

rf^=(:.+ ^)(^-^) = ^«_l|!; hence, .»=9|.^ 
Also (Eucl. I. 47), 

therefore, clearing of fractions, and transposing, 

5z^—26dz = —20a^—6€P, 

... . 26J zt= v^ (676 rf« — 400 a'^— 100^2) 

which gives z zz -— , ~z 

® 10 ' 

by reduction, 2? = \f\ • 

Now, x' = -p— , therefore we have 
o 

^ / ll7<i'=±=18<^V ^ (36d'— 25g') _ 
^ 25 "" 



zt:f^\3d'dtz2d'^{36cP—25a^)i 
but y = §x, therefore 

y = ± f v' 1 3 cP ± 2 rf V(36 rf«— 25a«> 



.CB= A! 

.VI.23, J I \ 



29$ soi^moH or 

& To bisect a tnugle by a stnigfat line drawn from 
a giTCA point in one of its sides. 

Let ABC be tbe girai tiinngle» and P the ^ven point; 
bisect BC in D, and make (Bugl. YL 12) 
PC:CD:: AC:CE; thai PaCE=AC. 
CD=:iAC.CB, tbefefbre AC.CB = 
2PC.CE. Bat (Thomson's £uGL.yi.23» j / / \ c 
Ncie) AC.CB:PC.CE::ACB:PCE; ^^ 

therefore ABC= 2PCE» or PE bisects the triangle. 

Now» to determine the point ^ let BC = Oy AC =; h, 

ab 
CP =: d, and CE=; or^ then di\aiihix: hence x = ^ 

When dzz \h^ x=a; or E ooinddes with B (En. 1. 38). 

7. To prodnce the diameter of a given drdey so that 
the tangent to the dide from the extremity of the pro- 
duced part shall have a given ratio to a given line. 

Let ai:j» be the given ratio* 
and h the given line; from A 
draw AD perpendicular to AB» 
and determine AD by making 

»: j»::6:AD = 6~; join ED, 

m 

and make EC = ED; draw the 

tangent CF, and join F£ : then (Thomson's Enci<. L 47, 

bn 
Cor. 5) AD = CF= — . Let now the radius =:r, BC=x; 

fit 

then CF=— =v^(x+r)«— r«; .-. x*+2ra?=^: 

• 111 ' W» 

whence, ar= sss 

„^_ ■ — • 

m 

If msn, CF = 6, and x=: — r± ^(r'+ft*}; and if also hss2r, 
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8. 'Given the base, by and the altitude, a, of a triangle, 

to find the side of the inscribed square. . ab 

^ Ans, =. 

a+b 

9* Given the difierence, J, between the diagonal of a 
square and one of its sides, to determine the square. 

Ans. (l-)-^2)J= the side. 

10. The radius of the circle described about any tri- 
angle, is equal to the product of the three sides divided 
by four times the area. 

11. Given one side, a, of a right-angled triangle, and the 
sum of the hvpotenuse and other side, by to find the hypo- 
tenuse and other side. 

a^JLb^ b^ a* 

Ans. Hyp. = -^, side = -^. 

12. Given the sum, Sy of the perimeter and diagonal of 
a square, to find the side. j ^.- ^4sdzsj^2 

"~ 14 

13. Given the ratio, m : n, of the two sides of a triangle, 
and the segments, a and by of the base, made by a perpen- 
dicular, to find the two sides. 

Ans. m^ —z ■ , nj^ -5 .. 

14. Given the lengths, a and by of two lines, drawn from 
the acute angles of a right-angled triangle to the points of 
bisection of the opposite sides: required those sides. 

Ans. The halves of the sides are j^ — ri: — and 



/4^ 

^~T5 



15. To divide a given straight line, a, so that the rec- 
tangle of the two parts may be equal to a given square, b^, 

Ans. The expression is ^z±z^ (^-j — 6'). 

16. Given the breadth, a, of a street, and the perpendicu- 
lar heights, by Cy of the houses on opposite sides, to find a 
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point in the street, so that one extremity of a ladder being 
placed at it the other will reach to the top of each house. 
Ans, The distance of the point from the side of the 

street is — ~ • 

2a .....>.> 

17. Given one side, a» of a right-angled triangle, and 
the alternate segment, b, of the hypotenuse, to find the 
whole hypotenuse and the other side. 

Ans. Hyp.*^V^:±lfL); side, y^^^^^i^+^a'), 

] 8. Given the hypotenuse, a, of a right-angled triangle, 
and the difference, d, between the other tw^sides, to find 
the sides. 

Ans. Base =iddfc^-^(2a* — d*)j perp. = — ^di: 

19. Through a given point in a given circle, to draw a 
chord of a given length, a. 

The segments made by a diameter being x and a — x, 

we have _ ^ — ^(a* — 4 be) 

x^ 2 

20. In a rectangle given, a and 5, the difference be- 
tween the diagonal and each of the sides, to find the sides 
and diagonal. 

Ans» Diag. ^a'{'bit:/^2ab; the sides, b-±zj^2abf 
a'±z^2ab. 

21. Given two sides, a and 5, of a triangle, and the 
difference, <f, of the segments of the base, made by a per- 
pendicular, to find the base. - -^ a' — ft* 

^LnSa x#ase ^z " I _ * 



d&i 



Note B^ 

Ths margiiud note in page I gees upon the principle, that ftlgebraic qui^ntities 
aHMiys neprasent numbers. Respect tot tht distingnished mathematicians who 
think otherfrise, requires that oar reasons- for this view shoold be stated. 

Algelnra baa <Gonfiea8edty sprung up, by d^irees, out of Arithmetic. It was first 
fonnd convenient to have a symbol^ by which an unknown number could be spoken 
of while the arithmetical process for finding it was going on. Next, since we have 
<rflBat>ecasion to speak of nnmberain gMwral, and since, in Arithmetic, each num- 
ber is represented by a syml>ol or combination of symbols appropriated to itself, 
it was found tliat eircnmloeution would be saved by using arbitrary symbols to 
represent elacses o/nv«^ert more or less extensive. 

Thisuaeofgenenl symbols to represent numbers, known or unknown, forms 
the' essential distinction between Arithmetic and Algebra, and out of this all other 
difiereneea arise. Fint^ in Aritimietlc, as-well at in Aijgebra, operations are indi- 
cated by conventional marks: we may write 5<|-3 and 5—3 as well as iH-6 and 
d-<-6. ftnt in Arithmetic there is always at hiand a preconcerted symbol, by 
whichf and by no other, the resalt of an i^peration mnst be expressed; therefore, we 
cata always |»er/flrm arithmetical operations; that is, we can always substitute the 
synbol of the result for the exprsssion which indicates the iteration, as 8 for 54-3. 
In the inveadgationa and even in the results of Algebra, on the contrary, we must 
rest satisfied wift tmltoirifijr * operations^ except in so far as the symbols of particular 
numbers may be introduced. Hence the signs, which are often convenient to the 
Arithmetician, become indispensable to the Algebraist; no step of his processes can 
be taken witiiont them, and his very results mnst be expressed by them: and it is 
the method of representing numbers by general symbols, which fixes the operator's 
attention on the meaning of the s^s,'and raises them to such a degree of promi- 
nenee and importance. SwtntSy, in an aritlmetical question, since the numbers 
conocnnd are partienlariKed, we can modify the form of the problem (its substance 
being onehanged) so as to avoid a negative result; but when geneial symbols are 
used, the relative magnitudes of the numbers which tiiey represent are kept out of 
view, and in whatever fi>rm the preMem was att first stated, to that form the work 
and the answer must be strictly adapted; and hence we are often obliged to use the 
sign of Subtraeiion when thwe is nothing* ftmn which the quantity -bearing that 
sign can be taken. Now, let •— •- be the answer to some algebraical question ; tbdh 
accordmg to tiie first irfitiM above observationsy — ^ is merely a rtfutresiefif, and. 

acooiding to the seoiMid, tUs requirement necessarily arises from our having ad- 
bend tbMwq;houtthe openttions to the form in which the data were originally pre- 
sented: or, putting the two observations together, — ^ means, that in order to 
fulfil the conditions of the problem qa &UiJteiy a mnst be multiplied by. A, the pro- 
duct divided by ^ and this result subtracted from 0. What is the meaning of . this 
last demand ? Bow shall we interpret this isolated negative quantity, conaistsntly 
with the original convention, which provided that — should denote Snhtrastion? 
The ^nsideration of these queries leads to the views laid down in articles 1>-^ 
Accordingly such views were put forward, though imperfectly, by the older writers 
on Algebra; but the paxndoxical manner in which they spoke of quantities ** less 



* TUilioibTiouriftiMraaKwIienwecalla^frtiwsBiB, and ab the prodaet of a sad 6; and 
thoutli the ebange of a— (fri|«e) Into a— ^— e, and of a (»f y) or aS x aS into aft, It called aedta' AiA- 
mMfian and adiHil JM%ab»CfeM, yet It haa diipciiMd bnt partiatty with ilgna of operation, 
tboufli it dlignliOT moie or len the or^n of the oomplex ezpnnions on which it haa been made. 

Cc 
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than nothing,** aeeming to nae tliat phiue abaolately and not merely relativelyr 
stined up Maxeres and Fiend to tbeir well-known attacks on the whole doctrine of 
B^atlTe qoantitieB. These authors were not able to banish the isolated +a and 
— a frtmi Algebra; yet they sacceeded in making subsequent writers adopt a differ* 
ent form of expression in speaking of such quantities i the nt(a -^ began to 1m spo* 
ken of as not always denoting Subtraction, but sometimes indicating that the 
quantity to which it is prefixed is taken in a ** contrary sense*** to that which it 
would have, if it carried the sign <4'* 1'be idea of two distinct meaniqgii {0%, (eaob 
of the signs -f** — > haTing thus gradually crept into Algebra, was at length for- 
mally propounded as the basis of certain important deductions, by M. Bu6e, in his 
ingenious ** Memoirs sur les Quantity s Imaginaiies,*' read before the Royal Society 
in June, IflOS, and published in the Philosophical Transactions for 1806: his views 
will be best explained by the followii^ abridged extract from his paper: — 

" Chacun des signes + et — a deux significations tou^i-lkit difierentes. 1° Mis 
deyant one quantity 9 ils peuvent designer deux operations arithmetiquei oppos^es, 
dont cette quantity est le sn^et 2° Devant cette meme quantity, ils peuvent de- 
signer deux qtuMift oppos^es ayant pour sii^et les unites dont cette quantity est 
compo86e. 

<* Dans 1* Algebre ordinaire, o*est i dire, dans 1* Algebre consider^e comme T 
Arithmetique uniyerselle, nne quantity Isolde pent porter le eigne ^, qui dans ce 
cas n* ajoate rien i l*id6e de cette quantity,* mais elle ne pent pas porter le 
signe ■— . En eSlBt, cette quantity etant suppose i8ol6e, si on Pi^onte, ce ne peut 
Atre qu* 4 zero; si on la sonstraity ce ne pent ^tre que de sero. Le premier est 
possible, mais le second est absurde. Par consequent, tontes les fois qu* on a pour 
resultat d*une operation une quantit6 preced^e du signe — , il fant, pour que ce 
resultat alt un sens, y oonsiderer quelque quality. Alo'rs 1* Algebre ne doit plus 
Atre regard^e simplement comme une Arithmetique universelle, mais comme une 
langue mathematique.** 

The same idea has been followed out with much boldness and originality by 
Mr. Peacock, in hu ** Tkeatise on Algebra,** and in his " Beport on the recent 
progress and present state of certain branchea of Analysts,- * presented to the British 
Association for the Advancement of Science, in 1833. The two different aspecte of 
Algebra which Bn^e had distinguished as Algdtre ordinaire and A^ebre4anguej 
Mr. Peacock regards as two disthict sciences, which he calls aritkwetieat Aigthra 
and iymboUcal Algebra, 

The following is an outline of our reasons for ventaring to dissent Crom the 
eqjjinent men wh6 hold these opinions. 

1. The principle on which these mathematicians go, in the Interpretation of 
algebraic expressions, seems inconsistent with the nature of the connection between 
symbols and thoqght A symbol derives ito power of suggesting an idea from arbio 
trary association alone, and has no meaning whatever anterior to the conventioQ 
by which such association is esteblished. These observations apply to the spoken 
words of artificial language, as well as to the visible symbols of Algebra. It is 
perfectly true that we may, by a new convention, give the symbol a new significa- 
tion; but in the same chain of reasoning, the same symbol must retain the same 
meaning, else no conclusion can be drawn. If, in translating the date of a problem 
into algebraic language, we use the sign — to denote subtraction, or rather to denote 
that subtraction is required, we must attach the same meaning to it through the 
work and in tiie answers, else the conclusion is vitiated. That which is given in 
the enunciation concerning — a as a quantity to be subtracted, cannot entitle us to 
say any thing concerning the — a of the conclusion, taken in a sense tout-O'fa'.t 

■ ' " ' ' I " ' ' ■ I I H I i II. 

\ 

* Thii b one of thoae TSgue and indeflaite pbruM, by whoM aid dUBenltict may be •Uured 
orer with to air of proAindity. 
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iHJ^erent. Tet it was in this way tiiat isolated negative quantities were first forced 
€tn the attention of analysts: it follows, therefore, that an isolated negative quan- 
tity, thu$ arising (and therefore any negative quantity), must either be inter- 
preted so that its sign shall still denote subtraction, or be held void of all meaning. 
That tile sign may have, in the conclusion, a different meaning from that which 
it had in the enunciation, M. Bu6e fairly avows; most other writers of his school 
keep it out of tiew. To be consistent, M. Bu6e ought to go the whole length of 
■fth^etta and Frend, and maintain that such quantities always involve a contra^ 
diction. 

Feeling, probably^ the fellacy involved in M. Bn6e*s notion, Mr. Peacock takes 
a different course, bet one which is equally erroneous. According to what has been 
above stated, the nature of artificial symbols (including words) is such, that the 
mind must have possessed itself of some idea, before it can invent a symbol. The 
definition of a symbolt whether a word or an algebraic character, states the precise 
idea for which the symbol stands; and the interpretation of an expression into 
wi/kicA ^ symbol enferv, explains how the meaning of that expression is affected, by 
the introduction into it of a symbol with the given meaning: therefore, there can 
be no interpretation without a previous definition. Mr. Peacock does not perceive 
this; because, overlooking the trite distinction between interpretation and defini- 
tion, he supposes that one of them may replace the other. He assumes the existence 
of symbols, assumes the laws of their combination, and afterwards determines their 
meaning by what he calls interpretation. He treats words in the same manner; 
for example, he uses the word <* incorporate" (Treatise on Algebra, Art. 7) with- 
out attaching to it any definite idea. His intention is to employ it as a term 
of great generality, including arithmetical multiplication and division, with an in- 
definite number of other operations possessing some resemblance to them. Now, 
if there be any number of operations, which possess something in common with 
arithmetical multiplication while in other respects they differ from it, there can be 
no objection (unless it be one of expediency) to the use of a general term, by whose 
help all these operations may be grouped together. But to assume, before-hand, 
such a connection among a number of unknown operations, [and to give a general 
name to them when we cannot fix the generic character for whose sake they are 
formed into a class, is by no means allowable. A lively philosophical writer has 
happily explained the process of generalization, by saying, that ** general terms are 
indorsements on the bundles of our ideas." But how can we write an indorsement, 
until we know accurately the contents of the bundle ? In fact, the word <* in- 
corporate,** so used, can have no meaning beyond that of the humble ** multiply** 
of common Arithmetic. JVIn Peacock himself unconsciously testifies to this; 
for, after saying ** symbols may be incorporated into one another, so as to re- 
produce a new quantity of the same or of a different kind,*' he is obliged, for 
the sake of being understood, to add ** as in the operations of multiplication 
and division.** The reader understands what is meant by ** incorporation,*' as 
applied to these two operations (at least as applwd to multiplication);* but 
has not, and cannot possibly have, any idea whatever attached to it, as includ- 
ing any other operations, until those operations tiiemselves become known to 
him: till then, ** incorporation'* must, for. him, be synonymous with ** multi- 
plication.** After we have formed an idea of arithmetical multiplication, it is 
certainly conceivable that we may become acquainted with a similar operation 
not arithmetical, and that we may then firame a widor definition which shall 
include both of them, or apply to them in common a more general term. In 
like manner, we may successively include a third operation, an4 a fourth, and so 
on: but then the operations thus included must first have become known; and the 



« Division is oot property .incorporation, but rsther decomposition. 
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tiUtMtm ti <» twirtfiM, m <» •alwp— t •# 
tt to iMtede MfcMnni Bfwnrtton, is aat oq^ illtgiBai k«t 
Mi MdHMT acy JMaftae 4«t the w««d» ttcf w» 
Ami t^aXti Mttaafy m«ltfyfie«MMk» 
mi— » <rf tbm \mmtm aiaA tolMsa 
fiag tfw ttmmm ptofotkB ti luMMm o h i Mt i; 
ill iiiiiii i»r lh» hia— ariad» a» Hhwioa 

free, to toey ttet.it la* ya nB J Mt idaa ivlmt it » dniy ptaftoyi 
TbsMaMeaflbeenor we «• air e i whath i R m fee aaae with tfct whigifc pM» 
V aHeiMyvie wf^utmm vi hw ■HMviPf ■■is^i^ ■■*' maw «• » ••■■V4HWI 

ItweaMbe w» ■■■iiimnj lepetittea el wheit km be«> jaet itotoJ, t» §mm 
t mm ofc»ctiett Bee epiiit i|iwHeg wttb tte afM-^-^— , w *» 
MMtfkf Xy^yor *»f •Acr MbetttatoelM weeii^«aMi*BiranHiif ha»bee» 
flnc deiaei. I t e M he r » wert aet am >Ifikai» g li eeiwtoi 4mm9m> <to aw» at 
f y h e l , aateee tkmtm W attoel wd to it » f w i t i w Mea? itie > ■ ! « a f i ti e— i^tr 
a aeeteto Met ea pay e t . 

The CT fue eia a e eallei iiap mi i fa et ii a ejia e nr y ie i i fiiiie a» to ha 
e* tlto laato peladf le ae a e g a tif a ^peaMln. \/— «* to a 
freea aat towtog aAfceted thieaghaat tito tuiaHw that fWtJmnk il» to tiia ; 
whiehttedatowefeefiftoaUyfeeentoAj miiii»tm9K§^mmikKUtami^ 
dltieae of the qpewalioa m §lmUA^ we BMit extmet <l» eqtoaa laet ef a 
qaaotitf. Whatieflieaieaafaigelfhii jewead? he>wehallw»iHiqpeH iti 
tenHy with the ralea of iaveIatioa,ae teffed ftan the erifiaal 
ettaUiehed the aieaaiag of ^ aesKtire ii^? la the case of Alpbn afpttid 
Oeotoetfy, a tot i rfactor y exfiaaatiaa hae heea ebto ia ed? ^H* (yaff 1M)» : 
aeate the aide fd that iqaaia wheea awa le wfw ie B l id by •*» aad. 
toeaae a eqaaia fl a e ed 1a a itvew ed feeitiea wilb ngaai to tito 
feMtod hy*',itlillaw% Aat V—a^ deaates the tide afthb 
that ie» a Mae atitghtaigka to tfto Hae ie a i to d hy ^g*"* 
toade to aeeifB a toeaataf to the eqaato laeto «r seiBttva qaaalHfea is < 
thaa that ef their afplieattoa to Ckaaetiy I hat Iha ^towa ea wUch 
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ii» AeiBiiaryflMagaaifinaieiivf«iiMVMfM w*JM» 
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« toe Bom, Mtnolrtt Im. vt mtprai Warmi on Um rMUMtrtael rrprMenutlon of the i^iMffc 
roQfti ern«g«llTe fUMtltlMi tad Ptaoodi,*! Alfttoe* Clw^ XII. 
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■gaMMi between tlie teeoni end tfaiid MMei, uid to hvft fanagliied thst W'WAs 
miytBtMnMng « eonteirtioii^ wtaea he wm requiriiif ma antent to'a tiMwem. 

a«fttffltated these et]^tioiM to tl» opinioM of M. Bate and Mr l*«Meek, 
i*<frriniM BOW eliiiia on the defensive. After sIMiBg in a inw lines the viewB wMeb 
henpfMHee, hnt wMeh, he says, ai« sanetienea by *• many even among the masters 
«f algebvalesi eeienee,' Mr. Peaeoek pg a se eds to- ** reply te eneh^pintone" by a 
ssriee of eonnteMtatemenli whhsk «zpreM epfntons of hie own. The mrty one of 
tlii^tilatMtinires notlee is the fdlldwingr«< that it Is an id>use of the tern geneial- 
isatfen to ai^ly it to designate the proooM of mind by wMoh we pass tnm the 
meaning ef o-^b when « is gvealerthan d^ to its meanteg whmi « is less than bg 
or from that of the product ab when n and •* am abetrfeet nnmbers, to its meaning 
Winn they ai« eonerote nnmbem of the same or of a diffennt kind.** (3d Rtpo9t 
JkUi AmBi»f«ige IM) On a— fr enough has been almady esidr we most add a 
wofd on Multiplication. It has been ftshionable: among mathematioal wiitns, for 
iSbm last tiilrfyyean^ te distinguish between- abstract andeonoete nnrabevst but 
it Is nntvery elear that they have always understood aeoarately the meaning ef 
ttoeetoims. Numbers are ealled abstract-when the kind of units they denote Is net 
B|n si lufl , and eonnnte when it is: **iaielnet^ never means (though some seem to 
ttink it does), that the numbcm so oalM- have an Independent exisfeenee. Thue, 
-when we say <* Itvo times seven is tUrty-flve^" or in symhe3% 7 X ^a335, we 
havonot beftnre ow minds tMfparHeular MM of nnitsrhat'we must be awan 
that both multiplier and* multipUeand mean units of vome kknit> T must mean 
seven aoeie/AJn^, -and 6 means' timt th(»e somethings euie repeated or taJben five 
tfmeS; hot in this case it matters not what kind of things tfiey are« 7 m i f^inys 
repeated 6 times wUI preduoe 36 things of- the same kind with tiie seven thingi. 
Itis plain ^lat the multiplioand may be eitiier slisttaet or coaeretof but to^ivhiefa 
of- these clastos of numbers dees the tonitipHer belong? - It always denotes Hmn 
or »e p e< ii ien#, aied might timiefore be oonsiaeMd as concrete, sinoothe things it 
denotee-ai^alwutys spedfledt if we understend it fhust-all multipliers are eonerete, 
and'the ease- wUeh Mr. Peaeoek snpposeaef botih &etors beiag dbstraot never can 
eeour. Bnt asthe idea ezpieeeed fay ** times,** or «« lepetiHone," b its^ highly 
ahetmol^ and -as the qnantity produced by soeh repetitisn most depend m- the 
klndef units escpreased by the multipliemnl, the multiplier is oonsidend an ab- 
stanet nmnhsFi atl amthematlBians eaH it so vrben it expmsses repetitions of the 
■wHiplieand} and "wehavo jut shown that it never expresses miy thing elee. 
ThefeAire,tiie ease -which Mr. Peacock supposes, of botiilhetofs being eonerete, 
never can oeenr. We often speak, it is line, of muUidyiiqr oonorsto -^uantilles 
tegetterr bnt such expressions must bo understood as mere abbioviatioms ^^ee 
they are perlbetly nonsensimdi Thus, to find tiie i n t er e st of d sum-of money fox 
maf number of days, the common rule is, » Multiply the prineipal by Ae rate, 
aad Oe psnteet by the days^ and divide by 93,00a'* Hore^ ««mul1ipiy by the days^^ 
ea« hawe-ae nHwr meaning ttan ** repeat tids product as often a* there are days}" 
sothat the mnltipHer now means iwt nnils of tlma» hnft rqMlilisns of the multi- 
pUeand. And when the area of a redai^ile, whoseeidsa osniain 7 and 6 linear 
units respectively, is expressed by the -product, 7X^) tiie feotdrs no longer iiipiniSB 
Unear untts. ThemuH^lieand denotes 7 superficial nnit% 7 Httleoquaree described 
on the linear units in one side, and the multiplier denotes that this number of su- 
perficial units must bo 6 times repeated to find the number of superficial units in 
the entire rectangle. The rule for finding the area, if stated at full length, would 
thenfive be, **Take as many superficial units as there are linear units in one 
side, and mpeat this nnmbto of superdeial units as often as there are linear units 
in the other side.*' The practical rule, <* Multiply the adjacent sides together," 
can be understood in no other sense than as an abbreviation of the above, founded 
on the obvious principle, that when the rectangle is di^ded into rows of superficial 
units by lines parallel to its sides, there must be as aviny of such rows as there are 
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iuKMT aBiU IB CHie ade^ and as muiy raperildAl imiti in eaeh row as fbete arc 
linear luits in the other side. TherdiKe,iisiDg the words ** abstract" and **eon^ 
crele,*' as they are eonstantly used liy mathematicians, without raising any meta- 
pbysieal qnestkm as to the correctness of the distinctfion, it appears, that the 
ranltipUer is always an abstract nmnber; that the moltipUcand may be either 
abstrset or eoaerete; and tiiat tiie prodoct always deoAtes units of the same kind 
with tiiose denoted by the mnltipUcand. It appears flirther, tiiat an algebraical 
prodnet of two ftctois, as «^ repvesentiBg a rectangle, is to be nndcsstood as one 
■awfri— > symM, expressing the superficial units in the area of the rectangle: 
also, th^ a and ft, oonaideied as ftctnrs of this jRodnct, no longer represent lines; 
one of ttem denotes superficial units, and the other is an abstract number. To 
speak of multiplyiiq^ or incorporating lines or thnr symbols algebraically, in any 
otticr than this strict arithmetical sense, is to deliver our understandings into 
captivity to a Jargon of unmeaning words. 

We have spoken thus fully on multiplication, because we are anxious to guard 
the student against an illnsion which has been the source of many errors, and 
iff which many able mathpmsticians have been led astray. Usii^ Algebra chiefly 
in its application to Geometry, and operating on the symliols of the one sdcnoe 
while the realities of the other were before their minds, the early analysts estab- 
lished a direct association between the algebraic character and the geometrical 
magnitude, leaving out of view the number, through which alone they have any 
veal connection. Hence the conlusion of arithmetica] and geometrical language 
so common in these writen; as when they spoke of the pndMct of two lines, the 
reetangU of two abstract numbers, and the $qumre of a sum of money. Bfr. Frend 
vriahed to correct these abuses: he was quite right in maintaining that algebraic 
quantities always represent numbers, and tiiat algebraic signs always indicate 
arithmetieai operations; bnt be vras wrong in concluding finnn this, that isolated 
n^ative quantities can have no meaning. Unfortunately, he did not give much 
prominence to the former doctrine, and dwelt largely on the latter; so that subse- 
quent writen adopted his error, and neglected what vras sound in his views. Thus 
arose a new school of algebraists, differing from the old in this, that they are more 
consistent in error. The older writen had spoken of the tigtu as always denoting 
arithmetical operations, but had not regarded the quantitieB as always expresring 
numben: the new school maintain, vrith Frend, that isolated negative quantities 
cannot be interpreted in accordance with arithmetical principles; but, unwilling 
to render Algebra the powerless tiling which it would be without such quantities, 
they sacrifice tbe philosophy of the science to its a^orithm, and hold that neither 
its symbds nor their signs are always arithmetieai. Mr. Peacock has attempted 
to rnnodel the whole scienoe in conformity vrith this view. He has foOed; bat 
his foilnre does not lessen our respect for his great talents, nor detract any thing 
from his well-earned math e matical fome. His errors are not mathematical, but 
metaphysical; and it is probable that his neglect of verbal accuracy, and the con- 
sequent obscurity of his diction, have helped to conceal them even from himself. 
We cannot bnt admire the mathematician, and his perfect knowledge of the laws 
of combination of symbols; though we cannot but perceive that he has not paid 
sufficient attention to the laws of their connection with thought* or to the laws of 

thought itself. 

FINIS. 



ERRATA. 

Page 96, line IS, (in a small part of the impression,) /or — read -f-* 
Page 149, line 16, insert ( after multiplication sign. 
Page ld9, line a, yir 131 read 130. 

Page 993, Ex. 6jfor +44 read —44. 
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